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Summary. — Nuclear interactions produced by protons of energy 6.2 GeV 
in nuclear emulsions have been analysed to deduce information regarding 
some of the characteristics of proton-nucleon collisions. 703. disintegra- 
tions have been obtained by «along the track» scanning. Accurate 
measurements of multiple scattering and of grain density have been 
made on favourable tracks of relativistic secondary particles; using these 
measurements it has been possible to identify the particles up to the highest 
energies involved. It is found from this investigation that in collisions of 
protons of energy 6.2 GeV with nucleons: a) the mean charged pion 
multiplicity is 1.51+0.18; 5) the mean inelasticity is 0.43, and is, within 
errors, independent of the total multiplicity ,; c) the nucleons recoiling 
in the C.M. system are very strongly collimated symmetrically in the 
forward and backward directions; d) the mesons created in the collision 
also show an appreciable amount of forward-backward collimation in 


the C.M. system. 


1. — Introduction. 


As a result of investigations carried out during the last five to ten years, 
it has been shown that some of the characteristics of nuclear interactions, (such 
as inelasticity and angular distribution of the secondary particles), in collisions 


(*) The results were reported at the International Conference on High Energy 


(of the IUPAP) held at Kiev in July 1959. 
(**) On leave from Kobe University, Japan. 
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induced by protons of energy less than about 2 GeV from accelerators are quite 
different from those observed in collisions of protons of energy grater than 
about 50 GeV from the Cosmic Radiation. It is, therefore, of interest to study 
these properties for the intermediate primary energy interval. 

Until about the middle of 1958, when this problem was started, the majority 
of the investigations (15) carried out using nuclear emulsions, with protons of 
energy (4-10) GeV from the accelerators, were of a phenomenological nature. 
No serious attempt was made in these experiments to measure the energies 
of the shower particles by the method of multiple Coulomb scattering nor to 
identify them by the method of scattering and grain density. 

Recently, KALBACH et al. (5) have made an analysis of proton-proton collisions 
using protons of energy 6.2 GeV from the Berkeley Bevatron. They have 
made measurements of angles, Coulomb scattering and grain density on tracks 
of shower particles and derived information regarding the properties of proton- 
proton collisions. 

In this paper we report a similar experiment using emulsions exposed also 
to the 6.2 GeV direct proton beam of the Berkeley Bevatron. Our main object 
is to study the characteristics of proton-nucleon collisions at this energy. Be- 
cause of the complex composition of the nuclear emulsion, it was necessary 
to adopt selection criteria to separate proton-nucleon interactions from those 
involving secondary collisions. In Appendix I, we have given reasons in sup- 
. port of our selection criteria. We have attempted to make accurate measu- 
rements of angles, Coulomb scattering and grain density on favourable tracks 
associated with the selected interactions. 

The significant results obtained from this investigation concern the in- 
. elasticity of collisions at the incident proton energy of 6.2 GeV and the angular 
and energy distributions of the recoiling nucleons in the centre of mass system, 
hereafter called the C.M. system. It is found that the inelasticity of collisions 
has a large spread with a mean value of 0.43 + 0.06; this has been obtained 
from two independent sets of measurements. Further, the observations show 
that there is very little or no dependence of inelasticity on the multiplicity 
of the star. The angular distribution of the nucleons in the C.M. system is 
very strongly peaked in the forward and backward directions. 


(1) W.. R. JoHnson: Phys. Rev., 99, 1049 (1955). 

(2) M. ScHEIN, D. M. Haskin and R. G. GLASSER: Nuovo Cimento, 3, 131 (1956). 
(*) U. HABERSCHAIM: Nuovo Cimento, 4, 669 (1956) 

(4) N. P. BOGACHEV, S. A. BüNIATOV, U. P. MEREKOv and V.-M. Siporov: Dokl. 
Akad. Nauk SSSR, 121, 617 (1958). 

(5) N. P. BocacHEv, VAN SHU-FEN, I. M. GRAMENITSKY, L. F. KIRILLOV, P. M. 
LEBEDEV, V. B. Liusimov, P. K. Markov, M. I. PODGORETSKY, V. M. Siporov, K. D. 
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2. — Experimental technique. 


21. Emulsions used. — In this investigation we- have made use of two 
single G-5 emulsions 600 um thick and of size 18 em 12 em exposed to the 
6.2 GeV direct proton beam of the Berkeley Bevatron (*). The mean angle 
made by the beam protons with respect to the plane of the emulsion is 
about 0.5°. These emulsions originally formed part of a big stack used by 
the Paris group (*) for work on K-mesons. 


22. Method of scanning. — For this experiment it is important to have a 
large number of proton-nucleon interactions selected without any kind of 
Systematic bias, particularly regarding the size of the star, in order that the 
mean values of quantities relating to nucleon-nucleon collisions, derived from 
these observations may have a real meaning. When a primary proton makes 
a collision with a free proton, it usually results in a star with no or one asso- 
ciated heavy prong. On the other hand, if it makes a collision with a peri- 
pheral nucleon of a nucleus of the emulsion, without further secondary col- 
lisions which would appreciably alter the angles and energies of the particles 
emerging from the first collision, then also one would expect that these inter- 
actions will have no or very few heavy prongs. 

To obtain such interactions, we adopted the «along the track » scanning 
method. Tracks due to the beam particles and lying in the central regions of 
- the emulsion, (between about 50 um from either of the emulsion surfaces) 
were followed until they produced an interaction or left this useful thickness 
of the emulsion. This procedure ensured that all interactions were located in 
regions of the emulsion favourable for various observations to be made on 
them. 

In the recent work by KALBACH et al. (*), they have followed flat tracks 
of secondary relativistic particles back to their origins. Two important con- 
sequences of this will be: i) a systematic preference for stars of higher mul- 
tiplicity and, ii) necessity of large corrections for the number of tracks at 


very small angles and very large angles. 


2°3. Interactions chosen for analysis. — Using the procedures described above, 
we obtained a total of 703 stars. In this we have included large angle devia- 
tions greater than 5°. We have excluded from this selection all events which 


(") We are grateful to Professor LEPRINCE-RiINGUET of the Ecole Polytechnique, 


Paris, for kindly lending these to us. e 
(7) J. Crussarp, V. Foucut, J. Hennessy, G. Kayas, L. LEPRINCE- RINGUET, 


D. MorELLET and F. Renarp: Nuovo Cimento, 3, 731 (1956). 
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are consistent with elastic proton-proton collisions; the procedure adopted for 
this is described in Appendix I. Out of these 703 interactions, 212 were ob- 
tained from:an initial scan of a region of the plate where the track density 
was very high. It was found that the efficiency for detecting stars with N,=0 
or 1 in this region of the emulsion was only about 50% compared to that for 
regions where the track density was relatively very low and where the re- 
maining 491 interactions were found. 

All the ensuing analysis, unless otherwise mentioned, is based on the 491 
interactions which also include 100 reported in an earlier investigation (*). 
Arguments are given in Section 3, to show that the efficiency for detecting 
stars with no or one heavy prong, (among the 491 interactions), should be 
almost 100%. 


24. Nomenclature. — In this paper we employ, with the following modi- 
fications, the nomenclature introduced by the Bristol group (*!°) for describing 
the size of the stars. 

In the emulsions employed, the 6.2 GeV proton tracks had a grain density 
of 22.8 per 100 um. Tracks with grain density less than 39.8 per 100 ym 
(corresponding to 1.55 times 9/9r1avean) and also all pion tracks of grain density 
>39.8 per 100 um are classified as shower particles. Tracks with grain den- 
sities between 39.8 and 126 per 100 um but excluding pion tracks, are clas- 
sified as «greys » and those with grain densities greater than 126 as « blacks ». 
(Black tracks do not include recoils of range < 5 um). For protons this clas- 
sification corresponds to energies greater than 300 MeV for «shower tracks », 
between 300 and 25 MeV for «grey tracks » and less than 25 MeV for «black 
tracks ». If N,, N, and », are the numbers of black, grey and shower particle 
tracks associated with a star, the star can be represented as N,+N,+n,. 
When the sum N,+N, is written as N,, the number of heavy prongs, the star 
is represented as N,+n,. 


8. — Selection of proton-nucleon collisions. 


The best method of selecting nuclear interactions which are in the main 
due to proton-nucleon collisions would be to include only stars of the type 
0+0-+n, and 0+1+n, in which the grey proton is emitted, in the laboratory 


(8) M. V. K. Appa Rao, R. R. DANIEL and K. A. NEELAKANTAN: Proc. Ind. Acad. 
Sci., 43 A, 181 (1956). 

(9) R. H. Brown, U. CAMERINI, P. H. FowLer, H. HeItLER, D. T. Kine and C. F. 
PowæLz: Phil. Mag., 40, 862 (1949). 

(1°) U. CAMERINI, J. H. Davies, P. H. FowLER, C. FRANZINETTI, W. 0. Lock, 
H. MuirueaAD, D. H. Perkins and G. Yexutrert: Phil. Mag., 42, 1241 (1951). 
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(L)-system, in the forward direction with respect to the incoming particle. 
These will be due either to collisions made by the primary protons with hydrogen 
nuclei—« free protons »—in the emulsion or with neutrons or protons in the 
peripheral regions of heavier emulsion nuclei.. These events constitute only 
about 15% of the total number of interactions. ' 

In the case of stars with larger number of heavy prongs, it is natural to 
expect that secondary collisions in the same target nucleus have taken place. 
A detailed study has been made to determine the maximum value of N, that 
can be considered such that one still gets a fairly rich sample of proton-nucleon 
collisions without their characteristics getting appreciably altered by secondary 
collisions. The details of this analysis are given in Appendix I. It is shown 
that the basic characteristics of proton-nucleon collisions, such as the mul- 
tiplicity and angular distribution of shower particles, remain reasonably un- 
altered for values of NV, <5. It is found that for the same value of N;, these 
characteristics depend on N,. Therefore, for our final analysis we have used 
only events with N,<5 and N,=0; cases with N,—1 are also included if 
the grey track lies in the forward hemisphere. These we will designate as 
class A stars. 

Though the above selection has been shown to be rich in proton-nucleon 
collisions, for obtaining more precise information regarding quantities such as 
the energy and angle of « grey » protons in the C.M. system—these are the 
protons which recoil backwards in the C.M. system—or the multiplicity in 
the elementary proton-nucleon collisions, it is necessary to use only pure events 
of the type 0+0+», and 0-+-1-4n, in which the grey proton is emitted in the 
forward direction. This group of stars is referred to as class B. We will give 
arguments at the end of this section to show that this group consists almost 
exclusively of proton-nucleon interactions. 

We have a total of 196 interactions belonging to class A. Among these 
72 belong to class B. The 72 interactions of class B consist of 33 of the type 
0+1-+n, and 39 of the type 0+0+n,. (Three examples of type 0+1-+,, 
in which the grey track was in the backward direction have been excluded 
from class B.) 

It may be argued that some of the inelastic proton-nucleon collisions may 
result in stars of the type 1+0-+-n,. In our analysis there are 25 such examples 
selected as due to inelastic collisions. Among these there are 11 in which the 
black track is in the forward hemisphere and 14 in which it is in the backward 
hemisphere. This very strongly suggests that almost all of these black tracks 
arise in evaporation processes. Further, it can be seen from considerations 
of energy and of angle of emission of the recoiling protons in the C.M. system, 

that not many can give rise to black tracks in the L-system. We therefore, 
| have not included stars of the type 1+0-+n,: in class B. 
Stars of this group with an even total prong number, (N,-+n,), result from 
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collisions made by the incoming proton with a free or a bound proton in the 
emulsion, whereas those with odd number of prongs result only from colli- 
sions made with bound neutrons. Among the 72 examples belonging to class B, 
there are 48 with even number of prongs and 24 with odd number of prongs. 
Tf we assume that the number of protons is equal to the number of neutrons 
on the surface of nuclei, we can say that 24 of the stars with even number of 
prongs should be due to proton collisions with bound protons and the remaining 
24 due to proton collisions with free protons in the emulsion. Using the com- 
position of the emulsion as supplied by the manufacturers and assuming that 
the mean free path for nuclear interactions of 6.2 GeV protons in emulsions 
is 35 cm (*:8), we estimate that the 24 collisions involving free protons cor- 
respond to a cross-section for inelastic proton-proton collision of (41 + 9) mb. 
This value is not inconsistent with the known value of about 30 mb at these 
energies (51:12), Furthermore, it may be seen from Fig. 6 that there are five 
events of the type 0+1-+1 in which the grey particle has an energy in the 
C.M. system corresponding to y. of the system. Since these could be elastic 
collisions, we have re-examined the events and found that if one is prepared 
to stretch the limits of error in the measurements by a factor of two, then 
two of these five events can be attributed to elastic collisions. If this be so 
then we would get, for inelastic proton-proton collisions, a cross-section of 
38 mb. From this, we infer that our scanning efficiency for stars belonging 
to class B is nearly 100%. 

This can also be seen from the following. Corresponding to the 48 examples 
of inelastic proton-proton collisions (both with free and bound protons) esti- 
mated earlier in this section, we found 14 examples of elastic proton-proton 
collisions (see Appendix I). It is known that at these energies the cross-section 
for elastic proton-proton collision is about 8 mb (136) as compared to 30 mb. 
for inelastic collisions. From this, one clearly sees that the number of inelastic 
proton-proton collisions we have obtained, 48, is about the right number to 
be expected. 


4. — The proportion of protons among shower particles. 


The secondary shower particles associated with these stars consist of pions, 
protons recoiling in the forward hemisphere of the C.M. system (hereafter 
called «forward » protons), and a small proportion of protons recoiling in the 


(1) W. B. FowLER, R. P. SHutT, A. M. THORNDIKE, W. L. WHITTEMORE, V. T. 
Cocconi, E. Hart, M. M. BLOCK, E. M. Hartu, E. C. FowLER, J. D. Garrison and 
T. W. MORRIS: Phys. Rev., 103, 1489 (1956). 

(12) R. Custer, T. F. HoanG and A. KERNAN: Phys. Rev., 103, 1443 (1956). 

(1) B. Cork, W. A. WENZEL and C. W. CAUSEY, Jr.: Phys. Rev., 107, 859 (1957). 
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backward hemisphere of the C.M. system (hereafter called « backward » pro- 


tons). The procedure adopted to identify individual particles is described in 
Appendix III. The final results obtained are summarized in Tables I and IT. 


TABLE I. — Proportion of protons and pions among the shower particles as a function of pf. 


| The figures in brackets are the observed number of tracks. 


TABLE II. — Proportion of protons and pions among the shower particles a 
of the angle of emission in the L-system. 


vB Forward proton Backward proton Charged pions 
MeV/e 
class A class B class A class B class A class B 
| È 
< 1500 0 0 83.6 (16) | 18.6 (5) | 197.3 (32) | 66.4 (12) 
1500—2500 30.5 (11) SOMME TL) 0 14605) LORIE) 
> 2500 87.9 (42) | 24.3 (12) | 6.4 (1) 0 14.1 (6)| 6.8 (2) 


s a function 


Forward proton Backward proton Charged pions 
Angle 6 
class A class B class A class B class A class B 
o—10° 105.0 (50) | 32.3 (15) 18.8 (6) 7.8 (2) B52 (20) 1 21 Suen) 
10° — 30" 1258718) 0 49.7 (9) 10.8 (3) 56.6 (14) | 26.1 (6) 
100 0 0 33.1 (3) 0 114.1 (0)| 26.22) 
The figures in brackets are the observed number of tracks. 


Class A stars included in Tables 


I and II are from the total of 703 stars 


while class B stars are from the efficient scan only. The numbers given in 
these tables were obtained after correcting the observed number of tracks for 
which depends on the angle of emission. 

can be made from these Tables: 


geometrie loss, 
The following observations 


i) The relative numbers obtained for class A and class B stars in 
Tables I and II are in fair agreement, which indicates that the vast majority 
of class A stars have characteristics consistent with a single proton-nucleon 


collision. 


ii) About 25% of the shower particles with pf < 1500 MeV/c are pro- 
tons, the remaining being pions, while for pp > 2500 MeV/e about 85% are 
protons and the remaining pions. 
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iii) Almost all the «forward » protons are contained within an angle of 
10° with respect to the forward direction of the primary in the L-system. 
The three particles in class A observed in the interval 10°--30° (with angles 
14.8°, 15.8° and 18.4°) give an indication of the secondary collisions suffered 
by the forward protons. It is found that about 70% of the shower particles 
within an angle of 10° are protons and the rest pions, whereas at angles > 10°, 
only about 35% are protons and the remaining pions. 


5. — The number of «forward» and « backward» protons per star. 


51. « Forward» protons <N;,>. — The average number <N,,) of « forward » 
protons per star can be calculated from the number of such identified protons 
in class A and class B stars separately. We have done this in two ways: 


i) Using the length criterion adopted for selecting tracks for measu- 
rement, we can attribute to each identified particle a geometrie correction 
factor which will depend on the angle of emission. Thus one can directly esti- 
mate the total number of such particles from the number of identified ones. 


ii) One can also calculate <N;,> from the ratio of identified forward 
protons to all identified shower particles within an angle of 10°, and the total 
number of shower particles also within the same angular interval. 


The two methods are not completely independent. The results obtained 
are summarized in Table III, 


TABLE III. — Average number of forward protons per star. 


Number of forward protons per star <«N,,) 
Type of star 
Method 1 Method 2 
Class A 0.42 +0.07 0.42 +0.07 
Class B ~ 0.39 +0.11 0.47 +0.13 


It can be seen from this table that, within experimental errors, the values 
of <N,,) are all consistent with 0.5. From cosmic ray experiments it has 
been deduced by VoROBIEV (14) that at primary proton energies of (310) GeV, 
the proton has a tendency to persist and that <N,,) has a value between 0.7 


and 0.8. From our observations it seems unlikely that <N,,> could be greater 
than 0.6. 


(14) V. A. VoroBIEv: Zurn. Eksp. Teor. Fiz., 33, 264 (1957). 
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52. »Backward » protons <N,,>. — From class B stars the mean number 
of « backward » protons <N,,> per star was calculated to be 0.62 + 0.10 after 
estimating the total number of « backward » protons in the manner described 
in Section 7. 


6. — Multiplicity. 

For determining the mean multiplicity <n,>, it is important to ensure that 
shower particles are detected with a high degree of efficiency. The efficiency 
in this investigation is very nearly 100% and can be demonstrated in the 
following manner. 


i) The sizes of 50 stars of all types having a total of 106 shower par- 
ticles were independently determined by a second observer. In this: deter- 
mination, one additional shower particle track was found and one missed. 


ii) In the preceding section it was shown that there was a significant 
excess of even pronged stars in class B and this was satisfactorily attributed 
to the expected contribution from collisions with free protons. If there was 
a significant loss of shower particles in determining the star sizes, the even-odd 
effect would have been considerably reduced. 


In Fig. 7, we have plotted the mean multiplicity <n,) as a function of N,. 
Tt shows very clearly that, at this energy, secondary collisions in the target 
nuclei result in the production of a larger number of heavy prongs and of 
shower particles. It is found that among stars of class A the mean multiplicity 
is reasonably constant for values of N, up to 5 and has a mean value 
(ns), = 2.28 + 0.16. For stars of class B, ns = 2.11 +0.25; in this class 
the mean multiplicities for the 48 proton-proton interactions (stars of even 


prong number) and. the 24 proton-neutron interactions (stars of odd prong 


number) are 2.18 and 1.96 respectively. 

The shower particles contain pions and protons. (At this energy the cross- 
section for production of K-mesons is negligible compared to that for pro- 
duction of pions and therefore the presence of K-mesons and hyperons has 
In Section 4, we have shown how the fraction of protons among 
d. After making this correction for the 
we obtain for the mean charged 
This may be compared with 


been ignored.) 
the shower particles was determine 
shower particles associated with class B stars, 
pion multiplicity nt?» à value of 1.51 + 0.18. 
the value of 1.9 + 0.3 obtained by KALBACH et al. (°) for proton-proton col- 
lisions at the same primary energy. The corresponding value for class A stars 
2, we obtain for class A 
and 2.27 + 0.27 respec- 
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tively as compared to the value of 2.8 obtained by KALBACH et al. Within ex- 
perimental errors these values agree; but as pointed out in Section 2, the 
scanning method used by these. authors favours to some extent stars of high 
multiplicity. This may be a possible reason why their cross-sections for such 
stars are significantly larger than that predicted by statistical theories (1519), 
The mean multiplicity (for all pions) obtained from Fermi’s (!°) theory is 2.5. 
BARASENKOV et al. (1) give for this a value 2.9; this is based on an inter- 
mediate coupling assumption (assumption W,); the strong coupling assumption 
(assumption W,) of these authors yields a value of 2.7 but has also the con- 
sequence that the cross-section for K-meson production is much higher than 
experimentally observed. These values may be compared with our exper- 
imental value for multiplicity of 2.27. 


7. Energy determination of the primary proton using the angular distribution 
of the shower particles. 


It is of interest to investigate whether a true estimate of the primary energy 
can be obtained by using the angular distribution of the shower particles. 
In most of the investigations of high energy nuclear interactions it is customary 
to estimate the energy of the primary particle from the angular distribution 
of the shower particles. In this method it is assumed that: i) the shower par- 
ticles are emitted symmetrically in the forward and backward directions in 
the C.M. system and ii), the ratio B,/B, of the velocity B, of the colliding 
nucleons to that, B,, of the secondary particles in the C.M. system is # 1. 
One can then measure the median angle 0,, which contains half the number 
of shower particles and estimate the primary energy. In investigations with 
mono-energetic protons from accelerating machines, one can obtain a com- 
bined angular distribution for shower particles associated with a large number 
of interactions (a composite star) and determine 0,, accurately. 

An attempt along these lines was made by HABERSCHAIM (*) using dis- 
integrations produced by 6.2 GeV protons. The primary energy for all stars 
with N,<7, obtained by this method was (11.7 +2.2) GeV. It was pointed 
out that the energy derived thus, contrary to common belief, was more likely 
to be too large than too small. It was further suggested in that paper that 


this effect might be partly due to the protons which may not satisfy the velo- 
city conditions in the C.M. system. 


(15) E. FERMI: Prog. Theor. Phys., 5, 570 (1950). 
(16) J. V. LEPORE and R. N. STUART: Phys. Rev., 94, 1724 (1954). 


(7) V. 8. BARAZENKOV, B. M. BARBASEv and E. G. BUBELEV: Suppl. Nuovo Cimento, 
7, 117 (1958). 
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As will be shown in Section 8, the protons recoiling backward in the C.M. 
system will emerge in the vast majority of cases as grey particles, while the 
«forward » protons will always be found as shower particles at small angles 
(< 10°) in the Laboratory system. Further, a small proportion of protons 
emitted backward in the C.M. system with low energies will also be contained 
as shower particles within angles < 25° in the L-system. In Section 4, we 
have deduced quantitative values for the proportion of protons among the 
shower particles as a function of the space angle 0. Using these correction 
values, we estimated 6, for the charged pions in class A stars and obtained 
a value of 28°. This corresponds to a primary energy of (4.8 + 1.2) GeV. 
(Owing to poor statistics the energy obtained in this manner for class B stars 
has a very large error; the value is (9.04 3.0) GeV.) We would like to mention 
that if no correction was made for the protons among the shower particles 
the energy estimates turn out to be 15 GeV and 25 GeV for class A and 
class B stars, respectively. 

Thus one may conclude from this that the median angle method can be 
usefully employed to determine low primary energies, (between 5 and 50 GeV) 
if one can correct for the protons among the shower particles, as also to deter- 
mine very high primary energies where the meson multiplicity is very large. 


8. — Energy and angular distribution of protons and pions in the C.M. system. 


81. Protons: 


i) «Forward» protons. — As has been shown earlier, almost all these , 
protons are emitted at angles < 10° in the L-system. Further, they should 
have energies > 1.0 GeV (corresponding to yc of the C.M. system) in the 
L-system. At these energies, any secondary collision suffered by these protons, 
involving only small energy transfers, will not seriously affect their energies 
and angles of emission. We, therefore, have used in this analysis class A stars 
from our entire scanning data. 


Using the procedures described in Appendix III, we identified 53 particles 
as protons recoiling forwards in the C.M. system, of which only 11 had dip 
angles 6, such that ctgò >100. It is shown in Appendix III that there is 
an increase of spurious scattering for tracks with ctg dò < 100 and the energy 
estimates therefore tend to be low in the region of pB > 2.5 GeV/c; however, 
the measurements still allow particle identification. Since the angles which 
these particles make in the C.M. system are not very sensitive to a little under- 
estimation of their energies in the L-system, we have calculated for particles 
with ctg 6 >30 their angle; in the C.M. system using the usual Lorentz trans- 
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formation. For a given selection criterion, the useful solid angle decreases 
with increasing angle of emission. We therefore gave each particle a geometric 
correction factor to compensate for this effect. The angular distribution in 
the C.M. system.is shown in Fig. la. 
In order to illustrate the effect of in- 
50 (33) creased spurious scattering for smaller 

Total 53 tracks values of ctg 6, we have also included 
in this figure the distribution obtained 
from all measured tracks. 


ii) «Backward» protons. — 
In proton-nucleon collisions at this 
energy, the protons recoiling backwards 
in the C.M. system will usually emerge 
in the L-system with energies < 1.0 GeV 
and at angles large compared to the 
«forward» protons. It is obvious that 
if these protons suffer even secondary 


Corrected number of particles 


Sa EP Na EE PR e usi ne 
Cos 6* elastic collisions in the same target 


nucleus, their energies and angles could 
alter appreciably, resulting in signifi- 
cant differences in their C.M. cha- 


Fig. la. — Angular distribution of « for- 
ward » protons (corrected for geometry) 
in the C.M. system for class A stars. 


The tracks with ctg d> 30 are hatched. racteristics derived from such measure- 
The observed numbers are given inside ments. Hence, in this analysis we have 
brackets. used only class B stars from the effi- 


cient scanning. 


Among the backward recoiling protons, those with energy < 400 MeV in 
the L-system will have grain densities > 33 per 100 um and, therefore, their 
energies can be obtained from measurements of grain counting alone. The 
contamination of pions in this grain density interval (energy. < 60 MeV) is 
known to be very small. Even this was corrected by making rough estimates 
of the scattering in all tracks with grain density > 33 per 100 um (including 
those not selected for regular scattering measurements). We found 3 tracks 
in a total of 154, and identified them as due to pions by this method. These 
were also included in n, according to our nomenclature in Section 2. A total 
of 39 such events with a backward recoiling proton of energy < 400 MeV 
were obtained from the 72 class B stars. There is no loss factor in the se- 
lection of events with associated protons of energy < 400 MeV. The ener- 
gies Di individual grey particles were estimated from measurements of grain 
density on the assumption that they are protons. The energy-grain density 


calibration curve was obtained from measurements on tracks of flat stopping 
T' mesons. i 
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As regards «backward » protons recoiling with energies > 400 MeV in the 
L-system, one sees from Fig. 9 that those whose tracks are favourable for 
measurements of pf and grain density can be identified when the Lorentz 
transformations are made for energy and angle. We had only two «back- 
ward » protons so identified amongst a 
total of 15 tracks on which these measu- 
rements were made. From geometrical 
considerations we estimate that there 14 
should have been five other «backward » 
protons in this energy interval which 


16 = 


x 12 
were missed because of our selection 
criteria. We ascribe to these five par- 

10 
® 
= 
40 | S 
2 8 
Ss 
n = 
= 30 Total 39 tracks È 
= mae 
= É 
2 = 
~~ 20 
5 i 
fe 
=e =) 
0 i Energy in GeV 


— —— 
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Fig. 1b. — Angular distribution of « back- 
ward» protons in the C.M. system for 
class B stars. The hatched area represents 
the correction for the loss of particles 
with energies >400 MeV in the L-system. 


ticles 
seen from Figs. 


energies > 1 GeV in the L-system should be negligible.) 
e C.M. system were calculated using the Lorentz 


gies of these protons in th 
transformation relations. 


We have also studied the distribution of the transve 
The results are shown in Fig. 3a. Tt is found that it 


eV/e and the mean value is (338 + 56) MeV/c. 


the backward protons. 
has a maximum at about 200 M 


iii) Results. —In Figs. 1a, 1) and 2, 


distributions for the « forward » and « backward » 
made on the « backward » protons are more accu- 


©.M. system. Measurements 
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Fig. 2. — Energy distribution of « back- 
ward» protons in the C.M. system for 
class B stars. The hatched area corre- 
sponds to the loss of particles with ener- 
gies > 400 MeV in the L-system. 


angles and energies similar to the two identified protons. (It can be 
1 and 2 that the number of « backward » recoiling protons with 


The angles and ener- 


The results are represented in Figs. 1), 2. 


rse momentum for 


are plotted the energy and angular 
recoiling protons in the 
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— — 


rate and less subject to systematic er- 
rors. It is seen from Figs. la, 1b that 
the recoiling protons in the C.M. sys- 
tem have a striking collimation about 
the line of motion of the incident proton 
in the forward and backward direc- 
tions in a symmetric manner, the me- 
dian angle being 14.5° for the backward 
protons. KALBACH et al. (‘) have ob- 
tained a similar angular distribution; 
but the tail of their distribution extends 
right up to 90° as in the case of our dis- 
tribution for forward protons of all ctg à 
values (Fig. la). Their angular dis- 
tribution was also obtained from mea- 
surements of pf and grain density; but 
they have not mentioned their criteria 
ma: for selection of tracks. 


Total 39 tracks 


Number of particles 


04 06 08 
F, in GeV/c The energy distribution of the 
Fig. 3a. — Transverse momentum dis- « backward » protons has a large spread 
tribution of «backward» protons for and the mean value is found to be 
class B stars. (596 + 90) MeV. If one uses for the 
« forward » protons this energy distribu- 
tion and the angular distribution given in Figs. 1a, 1b both in the C.M. system, 
then in the L-system they all emerge within 10° with respect to the forward 
direction of the incident proton. 
This can be demonstrated directly 
in the following manner. In Fig. 4 704 
we have plotted the number of : Total 48 tracks 
shower particles per steradian as 
a function of angle in the L-sys- 
tem for class B stars. It seems 
reasonable from this figure that 
the peak at small angles should be 
due to the «forward» protons 


=== 
0.2 


Fig. 3b. — Transverse momentum 

distribution of pions (corrected for 

geometry) for class A stars. The 

observed numbers are given inside 
the brackets. 
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whereas the distribution for angles > 10° should be due to pions and «backward » 
protons. We have extrapolated this part of the curve up to 0° and estimated the 
number of «forward» protons within the angular interval (0--10)° and get a 
value of 44 as compared to 25 pions and «backward» protons in the same 
angular interval. These numbers are 
consistent with the corresponding 32.2 


(15) and 29.7 (9) obtained directly from (ts 
scattering and grain density measure- 
ments (Table IT). The numbers within 600 
brackets are the observed numbers. 

From the above observations one 500! 


can conclude that there is complete 
symmetry between the forward and 
backward recoiling protons in the C.M. 
system regarding the energy and an- 
gular distributions. 


» 
(æ] 
[æ) 


Number per unit solid angle 


Fig. 4. - Number of shower particles per unit 100!- 
solid angle in the L-system as a function of 
space angle for class A stars. The dashed 


line is the extrapolation for the distribu- 0 20 40 60 80 
tion of pions and « backward » protons. 8 in degrees 
82. Pions: 


For the study of the characteristics of pions in the C.M. system we have 
used stars of class A from the entire scanning data. In order to be selected 
for measurements, tracks of particles emitted at angles <10°tand +> 10% 
should have lengths per plate >6mm and >3 mm respectively. We ob- 
tained a total of 43 pion tracks using the identification procedure described 
in Appendix III. In addition we obtained five low energy pions which were 
identified from a visual estimate of the small angle scatterings present in the 
tracks produced by them. Correction factors have been assigned to the 43 tracks 
to compensate for the geometric loss. Using the measured energies and angles, 
the corresponding quantities in the C.M. system were calculated for each pion. 
The results are shown in Figs. 5a, 5b. 

The angular distribution of pions in the C.M. system shows that there is 
to some extent forward-backward collimation in their direction of emission 
| with respect to the primary proton and within experimental errors there is 
| symmetry. This is in contradiction to the isotropic distribution for neutral 
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Total 48 tracks 


> 
(©) 


Corrected number of pions 


(1) (1) 


| 

È 

ER a [ba cot ea 
0.4 0.8 12 1.6 2.0 


Erin GeV 


Fig. 5a. — Energy distribution of pions in the C.M. system for class A stars. The ob- 
served numbers are given inside brackets. 


pions obtained by Kina (18). The energy distribution of pions has a large 
spread and the mean energy is (290 +45) MeV compared to the value of 
(236 +20) MeV obtained by KALBACH 
et al (6) for a total of 143 pions. 

We have also studied the distribu- 
tion of the pion transverse momentum. 
The results are shown in Fig. 3b. There 
is a maximum at about 200 MeV/c and 
the mean value is (225 + 33) MeV/e. 


Corrected number of pions 


Fig. 5b. — Angular distribution of pions 
in the C.M. system. The dashed histogram 
corresponds to the folded distribution. 


iL 
1 0.6 ONE ES ON I 
Cos 8* 


9. — The inelasticity of collisions. 
The inelasticity k of nucleon-nucleon collision at high energies is defined 
as the ratio of the total energy radiated as pions and other particles created 


in the collision, to the total available energy in the C.M. system. This para- 


(18) D. T. Kine: Phys. Rev., 109, 1344 (1958). 
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meter has become of great importance for our understanding of very high 
energy collisions particularly in the study of Extensive Air Showers. Some 
attempts have also been made by other workers (**) to estimate k at machine 
energies. In this section we describe two independent methods by which we 
estimate k. 


91. From the mean multiplicity of pions and their mean energy in the C.M. 
system. — We have shown in Section 6, that the mean number of pions 
(rép 2.27 + 0.27. In Section 8, we showed, from measurements made on 
48 charged pions, that the mean kinetic energy in the C.M. system is 290 MeV 
as compared to the value of 236 MeV obtained by KALBACH et al. from 
143 tracks. Therefore, using a weighted mean value of 250 MeV for the mean 
kinetic energy of pions in the C.M. system we calculate: 


2.27 (250 + 138) 


vs) 2 020 


— 0.44 + 0.03. 


On the other hand if we use only our results we get a value k — 0.484 0.07. 
KALBACH et al. (6) have also calculated k using this method and they get a 
value of 0.49 + 0.05. 


92. From the energy distribution of protons recoiling backward in the C.M. 
system. — In the preceding section we showed that it is possible to identify 
without any systematic bias, almost all events from class B stars in which 
there is an associated proton recoiling backwards in the C.M. system. Since 
we also showed in Section 8, that the forward and backward recoiling protons 
are symmetric in the C.M. system, we can assume that, on the average, the 
forward recoiling protons carry away the same amount of energy in the C.M. 
system as the backward recoiling protons. The mean proton energy in the. 
C.M. system obtained in Section 8, is 596 MeV. From this we get for thé 
inelasticity a value k= 0.41 + 0.09. i 

Thus it is found that the values of inelasticity estimated by two independent” 
methods are consistent with X= 0.43. An attempt was also made to study 
whether % depends on ny. Class B stars were divided into two groups, one 
with n,<2 and the other with n,>2 and k was calculated for these two 
groups and found to be equal to 0.39 (from 27 events) and 0.44 (from 12 events) 
respectively. Since the errors on the individual values are large, no delie 
conclusion can be drawn from this. We have tried to deduce further infor- 


mation regarding this in the following manner. In Fig. 6 is plotted, for class B 
| stars, the energy of the backward protons in the C.M. system for each event, 


against the multiplicity », associated with that event. The error in the measu- 
rements of grain density and angle of the grey tracks is such that the corres- 


2 - Il Nuovo Cimento. 
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ponding error in the calculated energy in the C.M. system is about 5% and 
never greater than 10%. Therefore, the spread in the energy values is genuine 


L o 
bb ©-0— o ©- 
ele —__o—— —©- —©- O—0—0©— 0 
2-e—_o—o © o_o 
Pc oO o_o 9 000 
+ 9 
LE Li a =. SA == = 1 — | L 
0 0.2 0.4 0.6 0.8 1.0 


E*in GeV for backward. protons 


Fig. 6. — Plot of energy of the «backward» proton in the C.M. system against the 
multiplicity n, for individual events of class B stars. 


and not due to experimental errors. No definite dependence of k on n, ap- 
pears from this. The Bristol group (!°) have found no dependence of k on 7, 
for primary energies > 10!! eV. 


10. - Summary. 


i) In order to study the characteristics of nucleon-nucleon collisions at 
very high energies (jets) in nuclear emulsions, it is usual to select stars with 
N, values up to a certain maximum. This maximum value of N, varies from 
investigation to investigation and is decided to some extent in an arbitrary 
fashion. (Usually a compromise is made between the number of events avail- 
able and the maximum value of N,.) In this analysis we have tried to esti- 
mate this maximum value of N, from a systematic study of the character- 
istics of the stars. It is shown that at 6.2 GeV, stars with N,<5 but N,=0 
or 1 and with the grey track in the forward direction represent a fairly rich 
selection of proton-nucleon collisions. Of course, if one wants to make a richer 
selection than this, one will have to use events of the type 0+0-+n, and 0+1-+n, 
in which the grey track is in the forward direction. 


ii) It is shown that by making accurate measurements of grain density 
and multiple scattering on favourable tracks, it is possible to identify protons 
and pions with reasonable confidence even in the region of pB between 2.5 
and 7 GeV/c. Our measurements suggest that the relativistic increase of grail 


(19) B. Epwarps, J. Losty, D. H. PERKINS, K. PINKAU and J. RatkoiDa: Phil. 
Mag., 3, 237 (1958). 
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density in the region of total energy y = 3 + 10 is smaller than that obtained 
by the Bristol group (!*?°); the total relativistic increase, however, is about 12%. 


ii) The mean number of protons recoiling in the forward emisphere in 
the C.M. system is, within experimental errors, 0.5. There is no indication at 
this primary energy that this value is significantly greater than 0.5 as claimed 
by VoROBIEV ('*) from observations made on cosmic ray stars of energy be- 
tween 3 and 10 GeV. 


iv) The mean number of shower particles associated with proton-nucleon 
interactions is 2.1 + 0.3 while the mean number of pions (charged and neutral) 
is 2.3+ 0.3. The latter value may be compared with that of 2.5 predicted 
from Fermi’s theory (*) and of 2.9 predicted by BARASENKOV et al. (17) (as- 
sumption W,). 


v) It is found that the median angle method can be usefully employed 
to estimate the primary energy, if proper precautions are taken to correct 
for the protons among the shower particles. 


vi) The angular distribution of the recoiling protons in the C.M. system 
is remarkably collimated in the forward and backward directions and is sym- 
metric, the median angle being about 15°. Further, the mean transverse mo- 
mentum is 340 MeV/c. The «forward» nucleon emerges in the L-system at 
very small angles with respect to the direction of the incident proton. It 
seems likely that in collisions involving primary energies > 10 GeV, one of 
the nucleons will emerge in the L-system without any appreciable change in 
direction and with high energy whereas the other nucleon will carry away 
very little energy. 

vii) The angular distribution of pions also shows an appreciable colli- 
mation in the C.M. system. The mean energy is found to be (290 + 45) MeV 
and the mean transverse momentum to be 225 MeV/c. 

viii) The inelasticity of proton-nucleon collisions (in the C.M. system) is 
0.43 + 0.08. This value is obtained independently from: a) the mean energy 
and mean multiplicity of pions in the C.M. system and, b) the mean energy 
of the recoiling protons in the C.M. system. There is no definite indication 
of a dependence of multiplicity on inelasticity. Whilst the mean value of 
inelasticity is 0.43 the actual values range from 0.1 to 0.9. 


* * * 


We wish to express our thanks to Professor M. G. K. Menon for useful 


discussions. We also wish to thank Mrs. T. M. UpADHYAY for the scanning 


of the emulsions. 


(2°) R. R. DANIEL, J. H. DAVIES, J. H. Murvey and D. H. Perkins: Phil. Mag., 
43, 753 (1952). 
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APPENDIX I 


Selection of proton-nucleon collisions. 


a) Elastic collisions. — Events were classified as elastic proton-proton col- 
lisions if they satisfied the following conditions: 


i) The star is of the type 1+0+1 or 0+1-+1 and the three prongs, 
including the primary, are coplanar within experimental errors. The heavy 
track should, wherever favourable, be consistent with having been produced 
by a proton. 


ii) The dynamics of the events are consistent with elastic proton-proton 
collisions. 


14 elastic proton-proton collisions satisfying these conditions were found. 
Large angle deviations less than 5°, were attributed to elastic proton-neutron 
collisions. 


b) Selection of inelastic proton-nucleon collisions. — In nuclear disintegra- 
tions two measurable quantities which can give us information regarding se- 
condary collisions in the same target nucleus are the size of the star and the 
angular distribution of the shower particles. For studying these characteristics, 
we have made use of the total number of stars obtained, (703), because the 
efficiency of detection of stars does not seriously depend on the multiplicity 
of shower particles nor their angular distribution. 


i) The size of the star: In Fig. 7, we have plotted the mean 

value <n;> corresponding to different values of N,. It is clear from this figure 

that the multiplicity increases 

4 significantly with N, and is 

E © presumably due to an increased 

(Ns) a number of secondary collisions. 

In the same figure we have 

also plotted the mean multi- 

RESET plicities for class A stars as 
0 


+ Ro NaS a function of N,. (Class A stars 
8 yl 6 20 24 = arethose with N<5, but N,—0 

or 1 in the forward direction.) 

Fig. 7. — Mean multiplicity 4n,) as a function From this we infer that the 
of N,. The circles and crosses denote all stars mean multiplicity remains con- 
and class A stars respectively. stant within the experimental 

errors for all values of N, in 

class A. The mean multiplicities 

for class A stars and class B stars are 2.28 + 0.16 and 2.11 + 0.25, respec- 


tively. (Class B stars are those with N, — 0, but N,=0 or 1 in the forward 
direction.) 


li) The angular distribution of shower particles: In Fig. 8 
we have plotted the median angle of shower particles as a function of N, cc 
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all stars. In the same figure we have also plotted the values for class A stars. 
There is indication that for class A stars the median angle remains reasonably 


constant. For class A and class 
B stars the median angles are 
20° + 1.5° and 15° + 2°, respec- 
tively. 

The above two arguments in- 
dicate that the characteristics of 
class A and class B stars are very 
similar and in these events there 
is no appreciable contribution from 
secondary interactions in the 
same target nucleus. On this basis 
we consider class A stars to be 
rich in proton-nucleon interactions 
and have used them for observa- 
tions on the energy and angular 
distribution of secondary protons 
and pions. We have selected from 
class A stars those of the type 
0-+0-+n; and 0-+1-+n, (referred 
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Fig. 8. — Median angle 0, of all shower 

particles as a function of N,. The circles 

and crosses denote all stars and class A stars 
respectively. 


to as class B) for i) investigating the true multiplicity in nucleon-nucleon 
collisions and ii) to deduce information regarding the backward recoiling proton 
in the C.M. system from the « grey » protons. In Section 3 of this paper, we 
have given reasons to show that the stars included in this group are almost 


all pure proton-nucleon collisions. 


APPENDIX II 


« Spurious scattering » in the emulsions used. 


Before attempting to estimate the energies of secondary relativistic par- 
ticles (of energy up to ~ 6 GeV) from multiple Coulomb scattering measurements, 


it is important to know the inhere 
sions used. For this, extensive me 


using a Koristka microscope. 


nt «spurious scattering » present in the emul- 
asurements were made on the beam protons 
The dip angle 6 of the beam protons with 


respect to the plane of the emulsion was such that ctgd & 100. — 
The variation of « spurious scattering) as a function of emulsion depth 


was studied in the manner described by Biswas et al. (®*). 


We found that 


within errors, it was constant from about 50 pm of the air surface of the 
emulsion up to about 50 um from the glass surface; this central region of thick- 
ness 500 um in the emulsion is referred to as the « useful region »; thicknesses 


are given with reference to the unproces 


(21) S. Biswas, B. Peters and RAMA: Proc. 
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very low «spurious scattering»; the mean second differences corresponding 
to «spurious scattering» alone are 0.13 um, 0.15 um and 0.26 um for cell 
sizes of 500 um, 1000 um and 2000 um, respectively. These values are based 
on measurements made on a total track length of about one metre. 


APPENDIX III 


Identification of relativistic pions and protons. 


In the use of the multiple scattering vs. grain density method for identifying 
relativistic protons and pions, it can be seen, from the curves of energy loss 
vs. energy for such particles traversing nuclear emulsions, that: 


i) for pB values less than about 1.5 GeV/e the identification is un- 
ambiguous and easy; 


ii) for pB values between about 1.5 and 2.5 GeV/c identification is, in 
general, not possible; 


iii) for pf values between about 2.5 and 7 GeV/c identification is pos- 
sible, (if K-mesons are negligible in number compared to pions or protons) 
but requires great precision of measurement, particularly of the grain density. 


In order to extend the useful measurable energy region right upto 6 GeV, 
we took the following precautions regarding the selection of tracks and measu- 
rements of multiple scattering and of grain density. 


Selection of tracks: 


i) For tracks emitted at angles < 10° with respect to the primary, the 
« useful » length should be >6 mm in that emulsion (ctg 6 > 20). 


ii) For tracks at angles > 10°, the «useful» length should be >3 mm 
in that emulsion (ctg Ô > 10). 


The greater length criterion for tracks at angles <10° was adopted be- 
cause, as will be seen later, almost all the high energy secondary particles 
(ph > 2.5 GeV/c) are emitted within this angle. 


Multiple scattering measurements. — All scattering measurements were made 
on a Koristka microscope. The measurements were made using primary 
cell sizes of 500 um for tracks with angles < 10° and 250 um for those at 
larger angles. Measurements were restricted to the « useful » regions of the 


emulsions as stated in Appendix II. Corrections were then applied for the 
following: 


i) Reading, grain and stage noises associated with scattering measure- 
ments which were estimated by the method described by Biswas et al. (21). 


ii) Spurious scattering which was determined as described in Appendix II. 
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Mean angles of scattering were usually determined from two cell sizes:which 
had mean deviations >2 times the total noise (including the spurious scat- 
tering). We then calculated the pf values using the scattering constants given 
by Biswas et al. (22). 

We have determined the spurious scattering for the beam protons 
(ctg ò & 100) and used it for correcting the mean deviations measured for 
the selected tracks of shower particles. It is quite possible that the spurious 
scattering increases with increasing steepness of the track. In order to study 
this effect we analyzed the relative numbers of particles in different energy 
intervals as a function of the dip angle for tracks ejected at angles < 10°. 
For particles with 2< pf < 4 GeV/e there is a detectable but small contri- 
bution when the tracks have ctg 6< 50, while for particles with ph>4 GeV/c 
this effect is apparent for values of ctg 6 up to 100. Thus the extent to which 
we underestimate the energy depends both on the energy of the particle and 
its dip angle. 


Grain density measurement: 


i) Personal errors: All grain counting measurements were made by 
a single observer. Tracks were always fed to the observer for counting by 
another person. About 2000 grains were counted on a standard track every 
alternate day and it was found that the standard error due to personal errors 
was 1.5%. 


ii) Sensitivity variation: No measurements were made in the top 
50 um and the bottom 50 um of the unprocessed emulsion. The rest of the 
emulsion showed a linear decrease of sensitivity with depth. This was deter- 
mined accurately by counting a total of about 20000 grains on tracks of beam 
protons. The maximum variation with respect to the middle of the emulsion 
is +4%. This correction for any depth is known with an accuracy better 
than 1%. Further, there was no detectable variation of grain density(< 2%) 
from one region of the emulsion to another. 


iii) Statistical errors: A total of about 1800 grains was counted on 
each track in the case of tracks observed within an angle of 10° with respect 
to the primary direction and about 700 grains were counted on each of the 
remaining tracks. 


Results. — The results of measurements of scattering and grain density on 
a total of 114 tracks is shown in Fig. 9. We have also plotted in this figure 
the grain densities in the tracks of beam protons and of electrons with energies 
between 20 and 35 MeV from p-e decays. 9000 grains and 20000 grains 
were counted on the electron and the 6.2 GeV proton tracks respectively. 
These two grain densities are, therefore, known with an accuracy better than 
2%; the values are 95.6 and 22.8 grains per 100 pm, respectively. 

For grain densities between 40 and 23 grains per 100 pm the curve drawn 
agrees well with that of the Bristol group (2°). There 1s, however, some un- 


(22) S. Biswas, N. Durga Prasap and $. Mirra: Proc. Ind. Acad. Sci. 46 A, 


167 (1957). 
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certainty still about the relativistic rise of grain density (2°). The grain 
density of the 6.2 GeV proton tracks IAE lower than that for the electrons 
from u-e decay in our case, whereas in the Bristol curve this difference is only 
about 1% or less. It seems, therefore, that their pp-grain density curve in 
the region of the relativistic increase, rises more rapidly than what we find 
from our measurements. For this work, we have drawn a straight line joining 
the values of grain density for the 6.2 GeV protons and p-e decay electrons. 

From Fig. 9, it can be seen that four values of pf > 2.5 GeV/c, it is pos- 
sible to identify the pions and the protons. The fact that it is found possible 


Total of 14 tracks 


grams per 100 um 
PS 


Number of 
N 
> 


N 
oO 
ai 


23F XD 9 O, ‘ 29 
© © & 9 
pp in GeV/c i Do | 
0.1 0.2 0.5 1.0 2.0 5.0 8.0 


Fig. 9. — Plot of grain density as a function of pf for all selected tracks from class¥A 

stars. The points marked @ correspond to the grain density of the 6.2 GeV proton 

tracks and the one marked A to that of the electrons from selected u-e decay events. 

The different magnitudes of mean errors arising from different selection criteria for 
low and high energy particles are indicated on three points. 


to identify such particles, in spite of the increasing contribution of spurious 
scattering is because the grain density — pf curve, in this region of pf, is 
insensitive to the errors in pf. For particles with pf < 1.5 GeV/c, the iden- 
tification is straightforward. For those with pf between 1.5 and 2.5 GeV/e 
the identification was made in the following manner. The energies and angles 
of emission of these particles in the C.M. system were calculated assuming 


(2*) B. SrILLER and M. M. SHAPIRO: Phys. Rev., 92, 735 (1953). 
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them to be protons and mesons and in the majority of cases from consistency 
arguments the particles could be identified. The number of cases where an 
erroneous identification is made in this manner is small. 


RIASSUNTO (*) 


Si sono studiate le interazioni nucleari prodotte da protoni di energia 6.2 GeV 
nelle emulsioni nucleari per dedurre informazioni concernenti alcune delle caratteri- 
stiche delle collisioni protone-nucleone. Si sono rilevate 703 disintegrazioni con 
lo scanning «lungo la traccia». Si sono eseguite accurate misure dello scattering 
multiplo e della densità di grani su opportune tracce di particelle relativistiche se- 
condarie; con l’uso di queste misure è stato possibile identificare le particelle sino 
alle più elevate energie coinvolte. In questo studio si è trovato che in collisioni di 
protoni di energia di 6.2 GeV con nucleoni: a) la molteplicità media del pione carico 
è 1.51+0.18; b) l’anelasticità media è 0.43, ed è, entro i limiti d’errore, indipendente 
dalla molteplicità totale »,; ¢) i nucleoni che rinculano nel sistema del C.M. sono 
fortissimamente collimati nelle direzioni anteriore e posteriore; d) i mesoni creati 
nella collisione presentano pure un’apprezzabile collimazione antero-posteriore nel 
sistema del C.M. 


(*) Traduzione a cura della Redazione. 
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On the Quasi-Static Approximation in General Relativity (*). 


R. P. KERR 
Department of Physics, Syracuse University - Syracuse, N.Y. 


(ricevuto il 30 Novembre 1959) 


Summary. — The three main methods used for solving the quasi-static 
field equations are discussed and it is shown that certain theorems have 
to be proved before it can be said that the physical equations of motion 
follow from the symmetry of the field around the sources. We have 
proved these results, and in the process have shown that there are 
seven and only seven physical equations of motion for each particle. 
These correspond to the classical equations of energy, motion and angular 
momentum. Also, we have shown that the quasi-static field equations 
may be integrated without expanding any particle parameters, and 
without introducing a stress-energy tensor. 


1. — Introduction. 


In a previous series of papers ('), we have developed the theory of the 
« fast particle » approximation for calculating the field around, and the equa- 
tions of motion of, an arbitrary particle in general relativity. In particular, 
we found that it is not necessary to expand the lower order parameters, such 
as the mass, dipole moment, and angular momentum vector, in order to solve 
the field equations by successive approximation. Instead, the parameters 
introduced into the first approximation were the physical parameters of the 
particle, and not those of the first approximation as in the usual methods. 

In this paper, we shall discuss the quasi-static approximation procedure 
which was first introduced by EINsTEIN, INFELD and HOFFMANN (**) in 1938 Ca 
We shall find that in all the methods which have been used to deduce the equa- 


(È 
(e 
(È 
(2 


This work was supported by Air Force contract no. AF33 (616)-5069. 
Hereafter refered to as Ein. 

R. Kerr: I, II and III, Nuovo Cimento, 18, 469, 492 and 673 (1959). 
A. 


) 
) 
) 
) EINSTEIN, L. InreLD and B. HOFFMANN: Ann. Math., 39, 65 (1938). 
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tions of motion at least one of a group of allied theorems must be proved be- 
fore it can be said that the equations of motion follow from the quasi-symmetry 
of the field around the particle. 

In the second Section we shall give a brief discussion of the quasi-static 
expansion, showing how it is associated with a non-physical A-dependent. co- 
ordinate transformation. In the third, fourth and fifth section we shall discuss 
the three main groups of methods used to solve the set of approximation 
equations obtained by the quasi static expansion, while in the sixth section 
we shall endeavour to combine the best of each. 

In the original ETH method the r’th order field equations were to be solved 
by introducing a non-classical source function, T"", on the right hand side of 
the field equations, 


(1.1) Ge =— Bat”, 
instead of solving the usual field equations, 
(1.2) GE = 


Tt was suggested that after the integration of the field equations had been 
carried out, a solution of the Einstein equations, would be obtained by setting 
3! to zero. The second method used to calculate the equations of motion 
was discovered by EIH in 1949 (*). They solved the quasi-static field equa- 
tions by introducing a mass, dipole moment and angular momentum vector 
into each approximation. 

The third method used to solve the field equations was introduced by 
Fock (4), and subsequently extended by PAPAPETROU (5). By using the © 
De Donder coordinate conditions, 


(1.3) (/—g-9""), =9, 


and a localized source function in (1.1), they were able to calculate the equa: 
tions of motion in the sixth approximation. Unlike the ETH solution, their 
field was non-singular at the particles. 

The most important feature of the EIH procedures was that it was found 
that certain consistency relations must hold in each approximation before the 
field equations can be solved in the higher orders. By expanding the particle 


parameters, EIH (°) showed that these conditions were equivalent to a set 
? 


(8) A. EINSTEIN and L. InreLp: Can. Journ. Math., 1, 209 (1949). 
(4) V. Fock: Zurn. Bksp. Teor. Fiz., 1. 81 (1939). x 
(5) A. PAPAPETROU: Proc. Phys. Soc. (London), 64, 57 (1951). 
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of differential equations. However, since there was a finite set of equations 
to be solved in each approximation, the individual 7’th order equations were 
non-physical. EIH attempted to show that the differential equations satis- 
fied by the total dipole moment, etc., 


Dy ee 


where D" is the r’th order dipole moment, depended on the physical parameters 
alone, and not on their individual r°th order components. As was shown in 
a paper by Morrar and Kerr (°), their proof was incorrect. 

In the Fock-Papapetrou method, the use of a co-ordinate condition reduces 
the field equations to Poisson equations which may always be solved. How- 
ever, once a solution for g,, is obtained it is necessary to prove that the co- 
ordinate conditions are satisfied. In other words, it is necessary to prove that 
the divergence relations which they imposed on their source function, 


imply that the De Donder conditions are satisfied. Otherwise their solution 
is not a solution of the original Einstein equations to the required approx- 
imation. We shall discuss this in Section 5. 

There are several other unsolved problems in the ETH method as well as 
that of deducing the equations of motion from the field equations. The first 
of these is the question of the convergence of the solution. So far, very little 
is known about the convergence of series solutions for non-linear partial dif- 
ferential equations in more than two variables, so it appears that this problem 
is going to remain unsolved for a long time. Another problem is the depen- 
dence of the solution on the boundary conditions at infinity. In the EIH 
solution it has been usual to assume that the field is asymptotically Galilean 
at infinity. However, it is now well known that in the higher orders no such 
solution exists. It is not known what boundary conditions should be imposed 
on the r’th order field, Ius 80 that the limiting field, g,,, will be Galilean at 
spatial infinity, even when the In are not. 

The third unsolved problem is what is meant by a « spherically symmetrie » 
particle. There are an infinity of degrees of freedom for a particle in general 
relativity (7) so that it is necessary to distinguish between those which are 
to be called spherically symmetric and those which are not. For a single source 
in space there is a solution which is spherically symmetric at the particle, but 


(5) J. Morrar and R. KERR: unpublished (reprints available). 
(7) J. BOARDMAN and P. G. BERGMANN: Phys. Rev., 115, 1318 (1959). 
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if there are several particles in the field there does not exist a coordinate 
system with this property. 

In this paper we shall not consider the convergence or the dependence on 
the boundary particles of the EIH solution. We shall just consider the deri- 
vation of the physical equations of motion from the field at the particles. 
In Section 6 we shall see how the equations of motion may be derived without 
having to expand the particle parameters, without assuming any coordinate 
conditions, and without introducing a source tensor, whether non-localised as 
in the EIH solution of Section 3, or localised as in the Fock-Papapetrou pro- 
cedure. 


2. — The quasi-static expansion. 


It is comparatively easy to calculate the equations of motion in the fast 
approximation to the second order, but, because of the difficulty of integrating 
the functions involved, it is difficult to go beyond this to the post-Newtonian 
approximation. In the EIH method, however, the forces for slow moving 
particles may be obtained to any desired order. 

In the quasi-static approximation the field is expanded as a power series 
in an «indeterminate parameter», 2. As we have already mentioned in an 
earlier paper (1), there is no need to give any physical interpretation to 4, 
apart from that of a weighting parameter. EIH also assumed that the field 
was slowly varying in time, so that the derivatives with respect to the non- 
covariant time co-ordinate, t or 0°, may be considered small compared to those 
with respect to the spatial coordinates. In order to give this assumption 
some mathematical form, they introduced a new co-ordinate, 7, which was 
defined by t= 2°. In the « co-ordinate system » (7, 0”), the field is written as 


(2.1) (*) a” (4) ee nl? + SA hi? (a, a”) : 


where q”(4) and g"’(A) are the fundamental, 2-dependent, contravariant tensor 
densities in the coordinate system (7, e") and (2°, 0"), respectively. 9” is the 
Galilean metric tensor with signature (—, +, +» +), and h'"(a*) is of the rth 


, approximation order. 
If we change to coordinate (2°, 2"), we have 


94) = À —1+ > 2rh0a°)} ; 


(2.2) go) = DTF"), 
g”*(2) = di ore da dd hmn(a°)) i 


SO 


(*) Greek indices go from 0 to 3, Latin indices from I to 3. 
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since g!” transforms as a tensor density under coordinate transformations. — 
We shall now expand the Einstein tensor density, G”’, in powers of Z. Because 
of its transformation properties, we have 


(2.3) G00(7) — 262) | G0(7) = (J) i Gmn(f) = 7-1 Gsm (À) à 


so that we shall obtain the same approximation equations whether we expand 
6” or &. Instead of defining &”” as the coefficient of 4” in G"(A), we shall 
define it by 


(2.4) (2) = YA). 


From (2.1), 2°? and its spatial derivatives have weight r in this expansion, 
but, since 


(DIRO) = DIVO pr 
r ik 


<u> <u> 


we see that when we take the derivative of a function with respect to the time 
coordinate, x°, we must raise the weight of the function by unity. This means 
that in the expansion of the field equations all time derivatives are considered 
small compared to the spatial derivatives. 

In order to obtain a solution of the Einstein equations, &"° is set to zero, 


(2.5) Gr sn ov da AE = 0 : 


where ®" is linear in the spatial derivatives of 4’, and A” is a function of 
weight r in the lower order fields. This set of equations is to be solved by 
successive approximation and then the physical field will be given by 


(2.6) ea Pe, 


i.e. by g“(4=1). It should be noticed that g“’(2) is not the physical field 
since we have only used / to define the orders of magnitude of the terms in 
the expansion of G” as a function of the series in (2.6). Sometimes when 
a suitable physical constant is present in the differential equations it is con- 
venient to expand in this rather than in an indeterminate parameter. However, 
it is not necessary that such a parameter should exist. 

It has been said that 2 should be a « small » parameter, so that the series 
in (2.2) should converge. However, it is not the size of 2 which determines 
the convergence of g“’(A) but the properties of the field in the lowest approx- 
imation, namely Ah”. In fact, since 2 has the dimensions of a velocity, its 
magnitude depends on the units chosen. 
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3. — The original EIH method. 


From the Appendix, it may be seen that the P" are given by 


(3.1) PAIS 2H = ee i ht, = ar , 
(3.2) lin 2G" _ AF, ms hee = 2 A” ; 
(3.3) Da 2o™ = Rss wi RE sn — Rs È bc he st ld, DAN : 


In 1938, EIH proved the following lemma, 
LEMMA 1. If B'Ÿ is antisymmetric in s and t, then 


[ort.asi=o, 


where the integration is over any closed surface in the three dimensional hyper- 
plane t = const. 
EIH recognized that 
(3.4) eet DY, 
where 
pe LR ER" > — R°° n) : 


: 1 4 : t t 
pr ns DAT Le — h™ n) aoe 4(6"" h° See "eh" + ‘ 


T Tr 


Consequently, from the lemma, 
(3.5) Je" as, == 0% 


which shows that necessary conditions for the existence of a solution of the r’th 
order field equations are that the following surface integrals should be zero, 


7 MERE | wh Ag __ 
(3.6) or 7 [4"as, 0, 


for any closed surface on which the field is non-singular. a 
As well as (3.6), there are a further set of surface integral conditions which 


must be satisfied before the field equations can be solved, namely 


1 hi 
A ds, = 0. 
(3.7) Um = Emst ; fe A as 
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To prove this, we observe that if we define 


L Je, ; t ‘4, $ t 
Re = Boe Ce =<" age a8 dim La dun en) = dum her fe Ò n pom] 


Td 


then 
BY, = 2e 0°, 
From the lemma, and the r’th order ficld equations, we obtain (3.7). 

We have seen that there are seven surface integrals which have to be 
satisfied before the r’th order field equations can be solved. It is natural to 
ask whether there are any more conditions which are independent of these. 

THEOREM 1. Necessary and sufficient conditions for the integration of the 
field equations in the rth approximation, 


uv Rd 
fata 


are that the seven surface integrals, &" and À,, should be zero for an arbitrary 
closed surface of integration on which the field is non-singular. 

We have already seen that these conditions are necessary. We shall now 
show that they are sufficient. First of all, we observe that since ©” is zero 
for an arbitrary surface, the divergence of the integrand must be zero for every 
non-singular point of the field, 


(3.8) Aw, = 0. 


This follows from Gauss’ theorem. Similarly, the divergence of the integrand 
of (3.7) must be zero, but this just gives equation (3.8) over again. 

Let us suppose that there exists a solution, 4°, of (3.1) through (3.3). 
Let a“ be a solution of the Poisson equation, 


(3.9) PERI) 
and let 
| hoo = 
(3.10) hon — hon, 
| hme = fon gy — gr, + Oma . 


From (3.1) through (3.3) and (3.10), it is easily shown that 


(3.11) on = DAR : 


(3.12) jun —  , 
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LEMMA 2. Necessary and sufficient conditions for the integrability of the 
field equations in the rth approximation are that the set of equation, (3.11) and 
(3.12), are solvable. 

We have already proved in the last paragraph that these conditions are 
necessary, since if there exists an 4° satisfying (3.1) through (3.3) then hi 
defined by (3.9) and (3.10) will satisfy (3.11) and (3.12). On the other hand, 
if there exists an he satisfying (3.11) and (3.12) then it will also satisfy the 
Einstein field equations (3.1) through (3.3). 

This shows that we only have to prove that the surface integral conditions 
are sufficient for the existence of a solution of (3.11) and (3.12) to complete 
the proof of Theorem 1. Let ne be a particular solution of the Poisson equa- 
tions, (3.11), which may always be solved. If we take the divergence of (3.11) 
we see that 


(3.13) n FRESE ag 


Since we are now assuming that the surface integral conditions are satisfied, 
the right hand side of this equation must be zero, and so h",, must be a har- 
monic function, 


(3.14) (*) nes Se p" ae > i aug, 
i,t 


T 


where g" is a harmonic function which is non-singular at all finite points of 


the space but is singular at infinity, and 
=|r|+, din — an — En, r= (an). 


The jee, which are completely symmetric in the indices s,, depend on the 


particular solution of (3.11) chosen. | 
The reason that yg" appears in (3.14) is that, as we have already pointed 


out, hf” cannot EA at infinity in the higher approximations. This non- 
singular function will now be shown to have no physical significance. We 
define h'” by 
(3.15) hoo == 
(3.16) hon = hom + 79" — > ee De. A 
4 it 

L ; m ory tm: mus) n'muts | È uma) y 
(3.11) hymn = pere aad >, (ee Æ +k > (kK e k = ) mis); 9 
(*) We shall use the following notation, A= A°%%""%. Throughout this paper 
we =a assume that there are singularities, or particles, at the points with coor- 


dinates è”. 


3 - Il Nucra Cimento. 
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where y“” is the following function, 
7 


a 
. 


qe 22 | g(a, a, 0°) dz + H (x, iG?) : 


Sonde A for mn, 


yh = SUC æ, x3) da + F(a’, a), 


0 


and similarly for 722 and y? with all indices interchanged cyclically. It may 


be shown that y”” will be a harmonic function, provided that 


| H(x?, LI) ss = P°1(0, DIS), 


(3.18) 

(47, 0°) s =9'1(0, 22, 2°), ete. 
Also, 
(3.19) x n=— plat, 0, 0). 


Since (3.18) may always be solved, being Poisson equations, we can always 
find a non-singular function which is harmonic and satisfies (3.19). From (3.14) 
through (3.17), and (3.19), we see that 


(3.20) pn, = D by, 
(3.21) ey ios > (ke + key.) . 


where ju is the antisymmetric part of pr 
(3.22) ju io ie" nm air bag E 

We shall now show that the ke and nos are invariants of the differential 
equations, (3.11), and do not depend on the particular solution, er To prove 


this, we shall show that if ,h!”, a=1, 2, are any two solutions of (AE 


v Lv 
ye cs 2A" ’ 
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such that 
Wn = (eb + et), 
then 
Ke = she PERSA ke == 0 : 
(3.23) (°) 


i i 
Ku a SR Cl =e 


If we define o“ —,h” —,h", then it satisfies the equations, 


From the surface integral lemma, 


fe. A) 48; = 0 = >| ur + KO!) dS; = 4n-K". 


The i over the integral sign denotes that the integration is over a closed sur- 
face surrounding the i’th singularity, but no other. In a completely analogous 
fashion, we prove that K® =0. To do this, we use the surface integral 
lemma for the BY defined in the equation following (3.7), with h"” replaced 
by o. This complete the proof of Lemma 3. 

LEMMA 3. Necessary and sufficient conditions for the integrability of equa- 
tions (3.11) and (3.12) are that A”, =0, and 


kt =0, ke" =0, 


where the ie are invariants of (3.11). 
We shall now show how the k’s are related to the surface integrals, €“ 

and XA,,. Asa particular solution of the field equations, (3.11), we take 

> Ho a : 

(3.25) he = = at 


Ve 


(‘) For the sake of simplicity, we shall omit the approximation order index, 7, 


in this proof. Also, we shall define 4&=0, so that we do not have to write (3.24) 


as two equations, one for u=0 and one for u=m. 
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where V is the region enclosed by the surfaces at the particles, S;, and the 
surface «at infinity », S. From (3.25), 


Dune > far r |-*dS,, |: Mer [ds 
; Ss 


where we have integrated by parts, and used /’",,=0. The second term 
on the right hand side of (3.26) is a non-singular harmonic function inside Y, 
and corresponds to the g“ of (3.14). If we expand |r—~r’|~* about £", 


ah ()° i, a 
(3.27) [7 or Nl a i HA (8): Pis, , 
then 
AU (1°) 
(3.28) Feo Sa Dr 2'(8)dSn Lo, 


This expansion is valid outside the S;. From (3.14), (3.26) and (3.28), 


it = an ras, = €", 


r x r 
ron n or Amin Aran) dei = em, | 


î È . . . 
Lemma 4. The invariants k” and X°° of the differential equations, 
boe add ei Sn a ens 


are related to the surface integrals by the following equations, 


i i 

he Gr 

r gi ae, 

; mn mns 9 

k e, 


From Lemmas 2 through 4, we see that necessary and sufficient conditions 
for the integrability of the Einstein field equations in the 7’th approximation 
are that the surface integrals, Ge" and Wn should be zero and that 1, — 0. 
This completes the proof of Theorem 1, since these conditions are equivalent 
to the seven surface integrals being zero for an arbitr ary surface of integration. 
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In their 1938 paper, EIH gave a proof of a theorem corresponding to 
Theorem I, but using completely different methods. What they endeavoured 
to prove was that the four surface integral conditions, ©” — 0, were sufficient 
for the integrability of the field equations. This is not true since it is also 
necessary to have the other three surface integral conditions satisfied. These 
conditions are independent of the four EIH surface integrals and correspond 
to the classical equations of angular momentum. 

We shall now discuss the method used by EIH in their 1938 and 1940(°) 
papers. As we mentioned in the previous paragraph, they did not consider 
the three XA,,, which arise because g,, is a symmetric tensor. In our discussion 
of their procedure we shall extend their analysis to allow for these extra con- 
ditions. 

In 1940, ErnstEIN and INFELD suggested that a non-localized source func- 
tion, =", should be introduced on the right hand side of the field equations, 


(3.29) GE = gv | AY TEMA nt” : 


T 


The integrations were to be carried out using (3.29) and then a solution of the 
Einstein equations was to be obtained by taking 


(3.30) Resa: 


a 


As before, necessary and sufficient conditions for the integrability of equa- 
tions (3.29) are that 


CH — ee ica + 82t"")dS, = 0, 

r 27 in r 

(3.544 4 
UU, = À Emart®(A™ fans yds, = 0; 
pi ©: r r 


(3.32) (APPLE) = 0 


Since the source function has no physical significance in this procedure, it may 
be chosen as 
8a SA) ; ato _ DI ; 


3.33 
( } ) Sain" =D", +D" m—I" D's n 


Equation (3.32) will be satisfied if 
, (3.34) DU ss sis stra, 7 


(8) A. ErnstEIN and L. InFELD: Ann. Math., 41, 797 (1940). 


1061 


38 R. P. KERR 


Let DI be a solution of these equations, and write 


(3.35) D'- D+ Y (CW + BEL), Brae! 


T T T T ’ r 


From the surface integral Lemma, 

(ome +2 om D? ud as, e MI 
(3.36) N 
flemidrtonpe "pa 6" D") ]udS;, — {), 


From (3.31), (3.33) and (3.36), we have 


04 = a fa +") dS, , 
AT JS T Li 
(3.37) 


XU, == a fe [ed => Do CARL 6" D']as, ? 
r AT r r r 


where the integration is over the surface enclosing the 7’th singularity. From 
(3.35) and (3.37), 


; i Ç 1 un = Cy 
= ET Da | ¢ Be Pa).s ds, + fd + Dn) ds, 3 


and similarly for I, - The surface a conditions will be satisfied for an 
arbitrary surface, provided that the or and Be satisfy 


i À a 
(3.38) 20" a +5 [ar + as, , 


a 1 * i * n * | * 
(3.39) 2BU = JL" + D*.)a™ — (A™ + Dr) — DI + OH) dG, 
r TI r r r if up r 


This shows that by solving the Poisson equation, (3. 34), for D", and then 
calculating the surface integrals of (3.38) and (3. 39), we can construct a DA 
which satisfies all the conditions necessary for the integration of the r’th order 
field equations, (3.29). In order to derive a solution of Einstein’s field equa- 
tions, we have to equate I”, and so D“, to zero after the integrations have 
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been performed to all orders. Since the source function is a function of posi- 
tion, this apparently gives a set of conditions to be satisfied at every point 
of the field. If it were possible to take D" to be zero, as EINSTEIN and INFELD 
proposed in their 1940 paper, then we would have 


(3.40) p= Y (pu BE), 
where 
(41 beast, beso. 


This would mean that we could obtain a solution of the Einstein field equa- 
tions by equating C# and B to zero, which would give seven equations to 
be satisfied for each particle. 

However, in general A“”,, will not be zero in the higher approximations 
which means that we cannot choose D" to be zero. This means that D“ will 
not be a harmonic function and need not be linear in C“ and B®. Fortu- 
nately, the following theorem can be proved: 

THEOREM II. Provided that the integrations are carried out consistently, 


À 


è» BY =0 imply that D'=0, 


and consequently that g"" is a solution of the Einstein equations (neglecting all 
convergence considerations). Furthermore, if we define the partial sums for any 


parameter or function, F, by 
(3.42) ieee 


then D" will be zero to the rth approximation whenever o and BV are zero to 
the same order (*) 
We shall not prove this at present, but shall wait until we have proved 


Theorem V, from which it follows trivially. Furthermore, the original EIH 
e the field around a set of sin- 


procedure is a very inefficient way to calculat 
as well as the field equations, 


gularities, since it is necessary to solve (3.34) 
(3.29). 


mation, we mean that es ies 
n 


| (*) When we say that E is zero to the rth approxi da 


where fis of the (r+1)th, or higher, order. 
r+ 
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4. — The new approximation method of Einstein and Infeld. 


In 1949, EINSTRIN and INFELD (*) showed that if the contracted Bianchi 
identities are expanded in the (7, +") co-ordinates of Section 2, 


(4.1) G,+1,6%=0, 


then the coefficient of 7" must be identically zero, 


(42) Or +O + SI", =O, 
that is 
ae DR, PAT OP, EDIT C0. 


Since ©” is a function of h*’, alone, and since the remaining terms in (4.3) 
are independent of the r’th order field, we have 


(4.4) o* =. 


This may also be verified from equations (3.2) and (3.3). From (4.3) and (4.4), 


(4.5) An = — Se DTS. 
This shows that the left hand side is zero whenever the field equations are 
satisfied in every lower approximation. 

We saw in Theorem I that necessary and sufficient conditions for the in- 
tegrability of the field equations in the r°th approximation are that the seven 
surface integral conditions should be zero for an arbitrary surface of integration. 
This is equivalent to 


(4.6) A 203 
and that the surface integrals around the ?’th particle should be zero, Cu 0, ete. 
From (4.5) we see that (4.6) is satisfied whenever the field equations are satis- 
fied in the lower orders. Consequently, sufficient, though not necessary, con- 
ditions for the integrability of the r’th order field equations are that 
(4.7) GA 0, ST, 
(4.8) 


Dre 
Fa 
I 
© 


(4:9) 
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In 1949, EINSTEIN and INFELD showed how the field equations, (3.1) through 
(3.3), could be satisfied in every approximation. They showed that if h’#” is 
a solution of the r’th order field equations, then h”” is also, where i 


(4.10) ho — h'oL4 Y (in! a DW.) é 


r 


(4.11) he pie, 


where h'’” is independent of în and Dr. The first set of surface integrals, (4.8), 
then have the following form, 


(4.12) 0-0 — 4 46", 
(4.13) (*) 0 — En = 4 in, do — 4D +0", 


where the OZ do not contain any terms linear in the dh, or Dr, and are inde- 
pendent of the higher order parameters. Consequently (4.8) will be satisfied 
in every approximation if the r’th order masses and dipole moments satisfy 
(4.12) and (413). 

As EINSTEIN and INFELD did not admit the existence of the surface inte- 
grals in (4.9), they did not attempt to satisfy these conditions in their 1949 
paper. The extension of their « new» approximation method to cover these 
surface integral conditions is fairly trivial. If we introduce a new set of 
parameters into h°* by writing 
(4.14) wu po pae AY, 
then h will be a solution of the field equations, (3.2), whenever h'*" is. This 
can be shown by direct substitution in (3.2). Tf the second set of surface in- 
tegrals are calculated, then (4.9), gives 


(4.15) À, = bAno— Aener( Did + 1 Ds) = A, 0 


where o is independent of An. This gives a set of differential equations to 
i : = 

be satisfied by the A, in each approximation. We shall not prove (4.15) here, 

since the calculations are trivial. All that we are interested in this section 

is the general method of the «new » approximation procedure. 

(a) on is the velocity of the 7th particle, en (d/di)(£"). We shall denote differen- 

tiation with respect to the time coordinate, t or 2°, by a (‘) over the parameter, 


v = (d/dt)(v). 


€ 


Q 
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(4.12), (4.13) and (4.15) give seven differential equations to be satisfied by 
the parameters of each particle in every approximation. Instead of there 
being only a finite number of differential equations for each particle, there is 
a set to be satisfied in each approrimation order. EINSTEIN and INFELD gave 
the first clue to the interpretation ef these equations by observing that if we 
define 


(4.16) =>,  D=Y De, 


as the physical masses and dipole moments, then, by summing (4.12) and (4.13) 
over the approximation order index, 7, we have 


(4.17,a) Athy = —E =— YE"h, Dr, ….; 8< r; &), 
(417,0) 4D» — dino" = 6" = DC", Di 8< 05 8). 


r 


These were to be interpreted as the physical equations of mass and motion 
for each particle, and the approximation equations, (4.12) etc., were to be 
neglected, altogether. Similarly, we can sum (4.15) over the approximation 
order, 


a 


(4.17,¢) Ano— Ener D + ED) =—3 0. 


Before these equations can be interpreted as the only physical equations of 
motion, it is necessary to prove the following theorem, 


THEOREM II-A. Provided that the integrations are carried out consistently, 
the limiting field, 


co 
v uv v 
gh = 7° PRE ’ 
r=1 


will be a function of the total masses, dipole moments and angular momentum 


vectors, m, D" and A,, rather than of their individual r°th order components. 
Furthermore, the right hand side of the equations of motion, (4.17), are also 
functions of these physical parameters, 


a 


i 5 j j (ere sie, j 
Sem; DAS CDA 


G 


’ 


and similarly for the other three surface integrals. 
If this theorem were not true, then we should have to give some physical 
interpretation to the individual r’th order equations, (4.12) ete. In the history 
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of the ETH method, no published attempt has been made to prove this theo- 
rem. EINSTEIN and INFELD (1949) did attempt to prove that the or are in- 
dependent of the D" and hoped that these surface integrals would be inde- 
pendent of all the dipole moments. However, their proof was incorrect, and 
these surface integrals contain the usual classical forces on a dipole moment 
moving in an external Newtonian field. This has been proved by MoFFAT 
and KERR (°), and presumably by numerous other people. 

If this theorem is true then the r°th order components of the expanded 
particle parameters, m ete., do not appear in the physical field, g’”’, and con- 
sequently it would appear pointless to expand these particle parameters. What 
we want is a method in which we do not have to expand the particle para- 
meters nor calculate any non-physical functions such as the D" in the ori- 
ginal EIH procedure of Section 3. We shall develop such a method in 
Section 6. 

We shall not prove Theorem II-A here, since it follows as a trivial corol- 
lary of Theorem V, just as Theorem II does. Furthermore, once V is proved 
TI and II-A are redundant, since in V we shall show how to avoid expanding 
the particle parameters or introducing the D". 


5. — The non-singular field equations. 


Fock (4) and PAPAPETROU (°) proposed to solve the EIH approximation 
equations by introducing a non-singular, localized, source function, Z", 


(5.1) Gr == go + ANS — 8x" 3 

This was to be zero in the region V between the particles and non-singular 

inside. Unlike the 3” that EINSTEIN and INFELD introduced in 1940, the 

Fock source function was to represent the physical stress-energy tensor. 
From equation (4.4), we see that (5.1) can be solved only if 


(5.2) A+ 80 En = 0. 


Equation (5.2) is to be satisfied by a localized T"". Let us suppose, as usual, 
that the particles are enclosed by a set of convex surfaces, 8". From Section 3 
we see that necessary and sufficient conditions for the existence of a solution 
of the field equations in V, where the stress-energy, tensor is zero, are that 


(5.3) AM n=, (ims Vi 
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and that the surface integral conditions be satisfied, 


a 


3 4 lS un CY 
(5.4,0) Cc = 2 fd das, = 0, 

x 1 ELA 
(5.4,b) Un, = ent Ze [4° es — es 


We shall show that these are also necessary and sufficient conditions for the 
existence of a localised solution of (5.2). 
Let us consider the equations 


(5.5) Tes: 


where 9” is localized inside the S’. We shall calculate the necessary and suf- 
ficient conditions for the existence of a localized &/” satisfying (5.5). If we 
integrate (5.5) over a three dimensional volume enclosing the ?’th singularity, 
we see that 


(5.6,a) (iss d'u 0° 
Similarly, since 

Emst (Era, = Ema aS ; 
and the left hand side is a divergence, 


i 


(5.6,0) emu 23 dx = 0 ’ 


equations (5.6) are necessary conditions for there the existence of a localized 
Solution of (5.5). Let us suppose that they are satisfied. 
We may always write 


(524) ( ) Ton = Pat Ent, x 
This satisfies (5.5), for all g,, provided that 
(5.8) bg ST Cu 


Oe | eee I e ON 
pr) 7 ae 


() For simplicity, we shall only consider one particle localized within a sphere 
OY . . . ; È 
S, whose centre is the origin of the coordinates. 
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@, is defined by 


(5.9) Pn = Serhan tes 
where 
1 
1 
(5.10) B, = —: | 8°a'* ARL da dex’, 
An |r — ar’ | 
0 


outside the particle, and is continued into the interior so that it is differen 
tiable and non-singular. Since B, is a harmonic function, we see that 


TE de = (9° + BIOS , 


outside S. However, outside S we have 


1 
1 0 a 
= pe ONO Ts d dx! 
Bo abc al) i 
0 
1 


sti 
lag Soe mil | da dé 
4x en fe Le ae 


0 


sora + dor ) d3x' + Lp. S0(r') dx" x 
4x) |r-r| 4x 


From (5.6,a), we see that T°", as defined by (5.7) through (5.10) is zero out- 
side S. 
Similarly, we shall write I” as 
(5.11) Some i (o” = Te, si He) + (0” ry ET, — Fre st) ,m a 
ise, om ( o% — Es, Fu i), + A*( Hm + rene”, + furs , ta) Fert) : 


where E°" and F°" are symmetric in m and n. The right hand side of (5.11) 


will satisfy (5.5), provided that 


i.e. provided that 


ma i Senter d30' . 
(5.12) ES spegne 
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If we expand |r—r'|-! about the origin, we have 


t 
io) pra ZE Ra GL II = EC. D Pn (outside S), 
2.) . 
where 
al: 
ET = I farce Ye, 
(5.14) 


m: (= ; U 10 ,,1(S) 
miuv __ — (aa e 3p! YS 
F > 1042) Sm(r’ au eed Ae 9 


outside S. E" and F” are continued into the interior of S so that they are 
non-singular and differentiable. (5.13) follows from (5.6,a), and HE is sym- 
metric because of (5.6,b). From (5.14), E and F are harmonic functions out- 
side S, and so, from (5.11) and (5.13), I is zero outside S. Consequently, 
we have calculated a non-singular, localized solution of (5.5). 


THEOREM IIT. Necessary and sufficient conditions for the existence of a 
localized solution of the equations, T",,= 3", where % is localized inside 
the surfaces S‘, are that the integral conditions, (5.6,a) and (5.6,b) should be 
satisfied. 

Since A”” is non-singular, the surface integral conditions, (5.4), can be 
written as 


pe st 
(5.15,a) iC == | A™ de =0, 
r 27 | r 


i 
i 


dela 
(5.15,0) Le = Emst 1 LE CE) ) 
47 r 


r 


where the integration is over the volume enclosed by S‘. From Theorem III, 
we see that (5.4) is sufficient to guarantee the existence of a localized solution 
of (5.2). (5.2) is then sufficient to guarantee that (5.1) can be solved. 

We have seen that in order to solve (5.1) we have to satisfy the surface 
integral conditions of (5.4). Just as in the EIH methods, this gives seven 
conditions on the lower order fields for each particle and in every approx- 
imation. Fock (') and PAPAPETROU (°) showed how this might be avoided. 


From (3.1) through (3.3), we see that if we introduce the De Donder co- 
ordinate conditions, 


(5.16) Gata, CS pue Do pe, tl : 


then the field equations reduce to 


(5.17) PURES — 244 + 1603” : 
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where 
* DO Fee) 00 1 00 
4 Le A 2 Ron 00 
* 
On gon 1 700 
(5.18) ARE A SE La ia 


Se 3 
è 
= 


= ina co § mo no mn 700 
a A o( 20n ae LA 30m ax ò LA ,00) i 


Equations (5.17) can be solved for arbitrary T"*, since they are Poisson equa- 
tions. Once the field has been calculated to the 7’th approximation, Fock 
and PAPAPETROU proposed to impose the conditions 

(5.19) eat Dip ae =, 

to the r’th approximation. They did not attempt to satisfy these equations 
exactly, since then they would have had to satisfy the integral conditions in 
every approximation, but proposed that they should be satisfied to the 7th 
approximation. (*) 

We shall now show how the Fock equations, (5.17), (5.16) and (5.19) can 
be satisfied without introducing the integrability equations in each order. We 
shall relax the divergence relations on the r’th order source functions and 
write them as 
Bee es Da a SALVE 


s A 
i 


where bee is an antisymmetric tensor whose (40) components are zero, 1.6. 
aed, 
We shall suppose that the surfaces, Si, are spherically symmetric, and 
that the Einstein field equations are to be satisfied in the region, V, outside 
the S'. f(r) is a spherically symmetric function, zero outside S', and satisfying - 


fre des 1, 
(5.21) 
feat d°% = de 


‘These are just normalization conditions. From Theorem III, (5.20) can be 


solved for a T"*, localized in the S‘, provided that 


(5.22) 0, =— a |(Zs + > Los ES kM f(r) + pee a f(r)) dr — 0, 


i 
i 


T 


(5.23) Je — Dena as + > pr pe + Na) d3x == 0 5 


(*) Le. the L.H.S. of (5.19) was to be a funetion of the (r+1) th, or higher order. 
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These can be written as 
(524,4) [en + 2 Tit, oF) d'æ, 


i 


‘nà 1 mp) # 
(5.24,b) HE ee (Biot 2 Pak, ) de. 


We can solve (5.20), provided that the k’s are given by (5.24). 
We shall define an O,-function, P say, as a function of the following form, 


(5.25) E = P= &° ,00..0 È (2, 8) , 
r=1 i,s.U US — NRE 


i a 
where the k* are (k", kV"), and as usual 


8 


Pn, s) is of the r°th approximation order. Let us suppose that 4%, i.e. k*, 
is zero, 


Then 


which is of the (s+w+1)th, or higher, order. Consequently, from (5.25), +4 
will be of the (n+1)’th, or higher order. This shown that all O,-functions 
are zero to the n’th approximation whenever the de are zero. 


Let us suppose as our induction hypothesis that (5.24), (5.20) and (5.17) 
are satisfied for all r< n, and that 


(5.26) elt et ee = Op function 


(n— 2) 


From the definition of an O,-function, (5.25), we see that if & is an O,-function 
then P is an O,-function, for all r <n. Consequently, (5.26) implies that 


(5.27) & = bt ho = 0.-function, r<n. 


The defines 2“. We shall now show how the n’th order field equations may 
be solved so that & is an O,-function. 
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Let &" be any localized solution of (5.20), where the ki are given by (5.24). 
Also, let 4“ be a solution of the Poisson equations, (5.17). If we take the 
divergence of the field equations, (5.17), we obtain 


hot = 9fA0t, L QT | ng 

WM ies = 240%, + BE) = — More + ZA + 823%), 
5.28) À Tm i 3 
( 25) hm te 2(Am + Same a Pa mne La 


Os h )0 9 A mt 8 ‘o t 
(n° n—2 0), 3 (4 i 2 n i Li ) 


2G EST es a= ht. + 2A 


= 00 | 9 A700 _| ts to Sa ot 
h Na: 24 Î (4 an + li 0), (he st mr phi 


(5.29) — 16130 +e,— 2%, 
2G — 1673" +22, 
Dire — — 16nTm gt pen — (Fh — Fa) 
that is 
(5.30) Ge — — 8x5" + O,-function , T< nN. 


If we sum equation (4.5), which is derived from the Bianchi identities, 
over the approximation order index, r, we obtain 
(5.31) aa e LATTA 1 
Since an O,_,-function multiplied by a function of the s’th approximation 
order gives an O,-function, (5.31) may be written as 


(5.32) Au = 8x(,2 ce + 2 Tu, E) + 0,-function . 


— 1)? 


Consequently, from (5.18), (5.20) and this equation, 


A” ,+ 805" ,=—4,,h + 0,-function . 


(n) (mn) st 


(5,32) 


These equation are not identities, but are satisfied whenever the Fock-Papa- 
petrou field equations, (5.17), and equations (5.20) and (5.26) are satisfied. 


From (5.28) and (5.32), 
(5.33) | AG, + , 9.) = O,-tunction , 


(n) (n=1)>0 


4 - Il Nuovo Cimento. 


1073 


50 R. P. KERR 


TV Si DUI he’ 
ua dr h HN ; 


1) 
Since the field is non-singular, (5.33) implies that + 


5.34 hit + hi? = "+ O,-function , 
( ) st n La n 3 


(n) — 1) ;0 


where gp" is a non-singular harmonic function. However, from the definition 
(n) 

of an O,-function, we see that when we omit the terms of the #’th order we 

obtain an 0,-,-funetion, and so 


* he h” = 8d gt + 
al 1): la: ai GE 1) ni Dis function . 


From this equation and our induction hypothesis, (5.26), we have 


= 0,_,function:= > a Pe: A ee 


sei i, A.S,U <u> n-_s-n 


Di 
where, since the 4” are just coefficients, and since y" is a harmonic function, 
(n) 


the pan —1, s) are harmonic functions of the r°th order. Therefore, 


n 


ub 2 DI 5 = 
p= pi to => ko  Pi(n_-1,s)+9", 
i i i n—s—U 


* 3 a i 
D È Di WE > A 0.00 palin —1, 8), 


LA SU <—u> n-8-% 


and where it should be noticed that the summation is linear in the i 4, rather 
than their partial sums, fa. Consequently, 


Ci 
w 
OU 


gt — hut + he, = p+ O,-funetion . 


(n) (n) > (n) 2 
By adding a non-singular harmonic function, y"”, onto Wi”, as in (3.15) through 


(3.19), we obtain an h'” which satisfies 


(n) 


(5.36) gu — dk Wat ell oN o = O,-function . 


By induction, this shows that we may always solve the field equations in 
such a way that (5.36) is satisfied, since it is trivially true for n= 0. 
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| their method was consistent, as in Theorem V. 


| is satisfied then (V,b) is also. 
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THEOREM V. The Fock-Papapetrou field equations, (5.17), can be solved 
in such a way that 


us u0 x : 
AN a) DE 28 sa i 39 + > 8 ie = 0,-function 7 
Ss 
(V,b) het 1s 4,0 = 0,-function , 


(n) 28 


where the k" and k°" are defined by (5.24). With this definition of the ke, LA 
will be a localized source function. If we equate the k* to zero, 


(V,0) RSI 


then all O,-funetions will be zero to the »n°th approximation, and so the left 


hand side of (V,a) and (V,b) will be zero to the n’th order. Also, the Einstein 
field equations will be satisfied to the n’th approximation. 

To prove the last part of this theorem, we observe that (5.29) and (V,b) 
imply that 
Gv” — — Sri" + O,-function , 


(n) 


for all n. Consequently, 


ev xf uv ne uv; pop xp 
Ge” hb) = — 813" + O,-function + GPE et) 
s>0 


= — 842" + function of the (n+1)’th order. 


This shows that 45° will satisfy the field equations to the n’th order whenever 
the equations of motion, (V,c), are satisfied to the same order. It is not ne- 
cessary to equate the separate ie’ to zero. 

This was the first method to give the equations of motion without it being 
necessary to introduce seven parameters into each approximation, or to aes 
duce the non-physical D" of the 1940 EIH procedure. The reason for this 
was that the Einstein equations were reduced to a set of Poisson equations, 


| plus a set of linear De Donder conditions. Instead of demanding that the co- 


ordinate conditions should be satisfied exactly in every approximation, Fock 
s slightly so that 4" was what we have called an 


and PAPAPETROU relaxed thi Haye 
‘th approximation when- 


O,-function, that is a function which is zero to the n 
ever the equations of motion are satisfied to the same order. 

We should observe that Fock and PAPAPETROU never suggested this re- 
e conditions in their papers, nor did they prove that 
They assumed that if (V,a) 
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It has been usual in the EIH expansion to assume that 4" is zero so that 
the expansion is started with terms of the second order. This does not result 
in any loss of generality but does ensure that one obtains the Newtonian 
equations of motion in the lowest approximation. If this is done, then the 
integrands of the ie are independent of the field to the (n —1)’th and n’th 
orders, from (5.24). It is only necessary to know T"° to the (n — 1)’th order, 
"" to the (n —2)th order, and the field to the (n —2)th order to obtain 
the equations of motion, mass and angular momentum to the »’th approx- 
imation. It would appear from this that the Fock-Papapetrou method is su- 
perior to the ETH procedures, since in the latter it is necessary to know the 
field to the (n —1)’th order before the »'th order surface integrals, and so the 
equations of motion to the same order, can be calculated. However, we do 
not believe that there is any significant difference in the amount of compu- 
tations involved in the two methods, since one has to calculate the source 
function in the Fock-Papapetrou procedure. Both the singularity approach 
and the hydrodynamical approach to calculating the equations of motion 
serve to illuminate the problem. 


6. — The reduced field equations. 


In this section we shall derive a set of approximation equations which are 
related to the ETH field equations. We shall show that these equations can 
be solved without assuming any specific coordinate conditions, without ex- 
panding the particle parameters, and without introducing a source function, 
whether localized or not. 

From the Appendix, we see that the Einstein tensor density may be 
written as 


(6.1) (GL Tome th” + Awe = toa ci GS TT HU) ne 
47. Ae ee OG sae 


where A”” is defined in the Appendix and has no terms linear in the spatial 
derivatives of the h*’. We shall define a“ by 


(6.2) : af = g",. 


Since it is an arbitrary unspecified function of position, this is not a co-ordi- 
nate condition. We shall take as our field equations, 


n J ) f 
(6.3) @?=—4h",,+ FY =— pH, + Aw + 


Hagen tego, gd) Hot + gM *log (—g),,)a* = 0. 


ag 
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These are completely equivalent to the Einstein equations, provided that (6.2) 
is satisfied. If we introduce the quasi-static approximation into (6.3), we obtain 
the rth field equations, 


(6.4) 4h", 4 5 = 0 
= pur . È à . , n È 
where 5" is a function of the 4°, s<vr, and of the lower order fields, A, 


s—< y. Since these are just Poisson equations, they can always be solved. 
If we define e“ by 


(6.5) ay a , 
then the Einstein tensor may be written as 

{ d eed BR: 4 v j y 4 
(6.6) Gl” = (C4 + L(g'2t. 4 g" i a gz) ul, Hg, + gl log i I) je , 


From the Bianchi identities, (4,2), we have 


7 1 pur che na pa = glio pi x Lu 
(6.7) 7 24 ,ssn 1 3 > ly È sy °° g een? I tela 


PRs à 


— (g' ve gi” log (— g) Jee AIR +E an ae Gt > Paro: 


= SL BITTE 


This may be written as 


= | Oe 3 1 48 {gs 
(6.8) COLE doP = GL ae Gr! De +, dia = + di avea ul 


7 =" (n) »° at 0 5 MAL s) n 


+ 4 dr ge ee E. OA 4 Per (Re te gi” log (ae 9). pe ae r| ; 


(n —1) Ss (n— ss PO AVIRA 
where we understand 2“, to be 2", and 2, for u=0 and 0, respectively. 
Also, 
y 1 ft DER EE, 4 RS 
(6.9) GY = G44 > [9 Mt dale lf aloe 
s 
v 
is (9 si a gt log (— 9). al e 


8 8 


From the previous sections, we know that if we tried to satisfy (6.2) and (6.4) 
exactly in every approximation then we should have to satisfy seven surface 
integral conditions, for each particle, in every approximation. Consequently, 
we shall follow the method of Section 5, and instead of trying to satisfy 


“— 0, we shall relax this slightly to 


un 


(6.10) = — af = 0, to the r'th approximation. 
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AS in the previous section, we shall define an O0,-function by (5.25), where the 
ke (=k kr, je) will be defined later by induction. Furthermore, we shall define 


s 
* 


an O,-function as an O,- function in which the coefficient of i is zero. Such 
a don will be zero to the n’th order whenever the equations of motion, 


ki — 0, are satisfied to the (n —1)’th approximation. An O,-function is zero 
to the wth order whenever the equations of motion are satisfied to the mth 
approximation. 

We shall now suppose as our induction hypothesis that the field equations, 
(6.4), have been satisfied in all orders up to the (n — 1)’th, 


(H,1) G” — 0, s< n, 
and that 2" is an O, ,-function of the following type, 


9 
(H,2) (n—1) Ss (m—1) 
(n-1) 


gt =g* — at—> | kr ws, ed pes Ò,--funetion , 
where, as usual, ju — 0. The form of the right hand side of this equation 
is similar to that of (3.21). Later we shall see why this is so. 

Let 4° be a particular solution of the reduced field equations, (6.4), in 
the »’th order, and let de = + hi. Just as in the last chapter, see (5.26) 
and (5.27), (H,2) implies that 
(H,2") & = 2. (ke ÿ + kew s) + Ò,-funetion , T'ES 
Also, the product of an O,-function by a function of the s’th approximation 
order (s> 0) is an O,,,-function, and the derivative of an O,-function with 
respect to # is an O,,,-function. Consequently, from (6.9), (H,1) and (H,2'), 
we see that 
(6.11) Ge = 0,-function , s<n, 
and so, from (6.8), 

(6.12) ol — da", 


* 
(n) (n) 388 = O,-function a 


Since Ae is a solution of the field equations, (6.4), summed over the approx- 
imation order index, 7, 


hi’ — 955 


(n) 988 @)  ? 


we have, taking the spatial divergence of this equation, and using (6.12), 


(6.13) ARS ,— a’) = O,-function . 


(nm) °° (n) 
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Since the Le in the definition of an O,,-function are only multiplying factors, 
(6.13) can be integrated to give 


h : La 7 . : 
Le = & — harmonic function + 0O,,-function ; 
and hence 
(6 14) hes e ge Tres Aus y Gio Ò -fun ti 
2 (n) 58 CORRE & [ n) (9, T n C on, 


where ‘4 is a non-singular harmonic function, and the A! are certain para- 
n (n) 


meters which are completely symmetric in the s; As in (5.34) through (5.35), 
equation (6.14) and the induction hypothesis imply that 


i i sei SIE È 
HS), a lt I AUS Le A 

o + 24 Pa MORE > (EP + RE.) +0,--function, 

t 


from which we derive that 


i DI i È a * 

Po, 3 al 48 1:(8) E 1 

(6.15) e, = La RO A À Rp Her XP ay + 0,-function, 
i it 


where P “ is a non-singular harmonic function of the n’th order, and the he a 
are also of the n’th order. If we define a harmonic function, ek, by the equa- 
tions following (3.15), with the p” of that section replaced by the gt of this, 


then the h'” defined by 
he «= We ; 


Ome 70m. > O:m(S), om 
Ria” ROUE tg 


i,t 
= ¢ È wnt: 1 res) 4 uv UE 
ee — He 4 ye ED (BE D DOI Bh Ds DE 
a n 7 i it 


will satisfy the reduced field equations, and also 


(6.16) i gia th — x (ir + ew p). + 0,-function . 


(nm) ? (n) (n) 


The reiteration = are defined by 


1079 


56 R. P: KERR 


THEOREM V. It is possible to solve the reduced field equations (6.4) in 
such a way that (6.16) is satisfied for all n, that is so that 2 is an O,-junction. 
The jet and en may be calculated in each approximation. If we restrict the 
Horn of the particles by the equations, 


(6.17) ke — 0, ie — 0, to the n’th order, 


(n) 


then 4" will satisfy the Einstein equations to the n’th approximation. 

The second part of this theorem follows from the observation that (6.17) 
implies that all O,-functions are zero to the n’th approximation. Consequently, 
from (6.9), 6°, and so (RP), will be zero to the required order. 

This theorem shows us how we may solve the field equations to any order. 
Let us suppose that we have solved all the lower order field equations and cal- 
culated the lower order k’s. Also, let us suppose that the lower order fields 
satisfy (6.16) with n replaced by n —1. We then calculate a particular solu- 
tion of the reduced field equations, de. If we calculate the divergence of the 
function, subtract a“ from it, and add the resultant function onto , 2, we 
obtain PL By using the equations of motion to the (n—1)'th proc 


i 


al n = 9, we may write & as in (6.15). We then add a harmonic function to 
e to remove the higher order poles and the non-singular harmonie funetion 
from a. This gives an 4“' which satisfies (6.16) and defines the n’th order 
equations of motion. 

The proofs of Theorem II and II-A. Both of these theorems follow as | 
corollaries of Theorem V. Let us suppose that ii” satisfies the conditions of 
Theorem V and that we have introduced a mass, dipole moment and angular 
momentum vector for each particle into the lowest approximation. Then 


(6.18) xk xi (in, D, ae oo) és) ; 


and all 0,-functions will be zero to the n’th approximation whenever the k’s 


are zero to the same order. Let us now expand the particle parameters as 
}-series, 


(6.19) m=YX"m, ete.. 


If we insert these series into ee and collect together all terms of the r°th order, 
we obtain new approximation fields which satisfy the reduced field equations, 
(6.4), in all orders up to the n fe This gives new approximation fields, h ra 


and, by expanding the di new i 
Since the lowest asd ks are identical to the lowest order ETH surface 
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Or 
1 


integrals, we have 


(6.20) ke — dla + k° 


(n) 


as in (4.12), (4.13) and (4.15). When we expand out the particle parameters, 
(6.19), we obtain 


2 
* 


c à 
{ques y 1-0( 3 
ko = 4m ot Km, ...) . 


s 


If we now equate the 44 to zero, for all s <n, then all O,-functions will be 
exactly zero. Consequently, we shall have 


(6.21) k == 0 implies. that het a" =, 
for all r <n. Also, from (6.9), we shall have 


Ge" WH" 0. 


(n) (n) 


Consequently, the EIH approximation equations will be satisfied. Trivially, 
A“ will satisfy all the conditions of Theorem ILA. 
To prove Theorem IT, we shall write the quasi-static field equations as 


Fh” .. LE 3h" 1 == 24 je) a 0 ? 


P22) RN ae AT ms 
= +h" os == Py Ns = am, ana È dmn a, 3 
(6.23) RE ce 


(7) 


These are equivalent to (3.29) and (3.33), with D" replaced by 2”. In pre- 
cisely the same way as we proved Theorem V, we prove: 
Lemma. The field equations, (6.22) may be solved in such a way that 


ee 2 (kOe + RE WY .) + O,-function . 

This is completely equivalent to Theorem IT, with ©" and BY of Section 3 
replaced by the &“ and 4°" of the Lemma. The verification is trivial. | 

The use of the surface integrals. — One disadvantage of the method of this 
section is that it would seem that we have to calculate the field to the n°th 
order before we can calculate the equations of motion to the same approx- 
imation. However, this is not so. Corresponding to the surface integral con- 
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ditions of Section 3, we have 


i 1 1 
à 9, DR EE me NME LUE 
(024,0) (79) al (E Eris Coi 
î 1 i aL 1 
5, S = SEE 7 su | ca af MTS ru ar ds, a 
(6.24,b) 2 Emrs =] È (£ 5 2 (n) dé 2 Ô (n) si 


From the Finstein surface integral lemma, these are zero whenever (6.2) and 
(6.4) are satisfied exactly. It is easily proved, using the methods of this 
section, that if the field equations, (6.4), are satisfied to the (n — 1)°th order, 
and if the equations of motion, (6.17) are satisfied to the same order, then 
the surface integrals defined in (6.24) will be independent of the surfaces of 
integration, modulo the equations of motion. Also, as in Lemma 4, the sur- 
face integrals give the equations of motion to the n’th approximation. The 
proof of this is equivalent to that for Lemma 4. 

The surface integrals enable us to simplify the calculations of the equations 
of motion to the #’th approximation. All that is necessary is to calculate 
the field to the (n —1)’th approximation by the methods of this section. This 
automatically gives the equations of motion to the (n —1)’th approximation, 
through Theorem V. The surface integrals of (6.24) may then be calculated 
using the equations of motion to the (n —1)’th approximation. This given 
the equations of motion to the n’th approximation. 


7. — The 6-function techniques. 


There have been many other methods used to derive the equations of 
motion of particles in general relativity, notably that of INFELD (°) in 1957 
in which he used a modified 6-function as a source tensor, and also the La- 
grangian method of Plebanski, which also uses a 6-function. 

At present there is very little theoretical justification for the 6-function 
technique. Some of the questions which remain to be answered are as follows: 


1) It is assumed that the source function is the limit of a spherically 
symmetric function. However, in all order past the third there is no sphe- 
rically symmetric solution of the differential equations which the source 
function has to satisfy, namely 

a, = Th, 


(*) L. InreLD: Rev. Mod. Phys., 29, 398 (1957). 
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when there is more than one particle in the field. This means that the as- 
sumption that the source function is a spherically symmetric 6-function is 
inconsistent with the field equations. . 


2) It is necessary to prove a theorem equivalent to Theorems IL, IT-A, 
IV or V. This is not a trivial extension of Theorem V. 


3) In the higher orders, no solution of the field equations is spherically 
symmetrie at the particles. Now, the equations of motions as calculated by 
INFELD in 1957 by the 6-function technique are independent of hm, However, 
if the equations of motion are calculated by the EIH method they will be 
found to depend on the particular solution, h””, chosen. Different solutions 
give different equations of motion. Consequently, the 6-function technique 
can only give the correct equations of motion for one choice of hr", that is it 
must give a unique prescription for solving the field equations in each order. 
Even if it does this, it is necessary to prove that the equations of motion are 
correct for this field. 


In spite of our seeming pessimism about the 6-function techniques, we 
feel that it can be put on a sound theoretical foundation. Its advantage is 
that the calculations are much simpler in this method than in those discussed 


in the earlier sections. 


APPENDIX 


The Einstein tensor density. 


Fock (4) has shown that if we introduce the following functions, 


i ; his 
= (°° gis As greg. ere gl a.) À 
ag“ 0 


gprs 
TI yg" = Gel, 
yn=(log(—9))y,  W= "Vas 
then the Einstein tensor density may be reduced to the following form 
(Ad) = —3(— 9) 19 a" + (MZ wo TT,g — 19" 9e — 
= 4(— ghtyy’ + 40/9" ya + HG Boe + 99 on 


— gig’ a) — Hg, + gf" log (— he) Be - 


»0, 
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For our purposes, it is sufficient that it shonld be possible to write this as 


7 
GY = + pr AP = 1h, + AP +e "tg os date 
iv XS 
— 3(9°-+ 9° log (—g9),a)9"%; 


! 
where A’ and A” have the properties assumed in Sections 3 and 6, re- 
spectively. 


RIASSUNTO (*) 


Si discutono i tre metodi principali usati per la risoluzione delle equazioni di 
campo quasi statiche e si mostra che alcuni teoremi devono essere dimostrati prima 
di poter dire che le equazioni fisiche del moto procedono dalla simmetria del campo 
attorno alle sorgenti. Abbiamo dimostrato questi risultati e durante lo svolgimento 
abbiamo mostrato che ci sono sette e soltanto sette equazioni fisiche del moto per ogni 
particella. Queste corrispondono alle equazioni classiche dell’energia, del moto e della 
quantità di moto angolare. AlÙbiamo anche mostrato che le equazioni di campo quasi 


statiche possono essere integrate senza sviluppare in serie alcuni dei parametri della 


particella, e senza introdurre un tensore sforzo-energia. 


(*) Traduzione a cura della Redazione. 


1084 


_ 


atl 


TL NUOVO CIMENTO VOL XVI Ni cl 1° Aprile 1960 | 


On the Theory of some Cerenkovian Effects (’). 


G. TORALDO DI FRANCIA 


Istituto di Fisica della Radiazione - Universita di Firenze 


(ricevuto il 21 Dicembre 1959) 


Summary. — The field generated by a charged article in uniform straight 
motion is expanded into a set of evanescent waves. The expansion is valid 
in any half-space with no points in common with the path of the particle. 
The evanescent waves may impinge on the surface of an optical diffraction 
grating and be diffracted. Some of the diffracted waves turn out to be 
ordinary plane waves, which carry energy away from the grating. It is 
possible in this way to explain the Smith and Purcell effect and to derive 
some quantitative conclusions. 


1. — Introduction. 


A number of situations are known in which radiation can be emitted by 
a charged particle in uniform and straight motion (1). It seems convenient 
to call all these effects « Cerenkovian effects », since they are generalizations 
of the well known effect discovered by CERENKOV. 

A simple example of a Gerenkovian effect is the emission of radiation by 


‘a particle passing along the surface of a dielectric material at a close dis- 


tance (2%). Another example is the radiation effect described by SMITH and 


(") The present research was made in partial fulfilment of Contract AFGI(052)-67 
between the European Office of the Air Research and Development Command and 


the Centro Microonde del C.N.R. Û rs 
(1) For a comprehensive review see: J.V.JeLLEY: Cerenkov Radiation (London, 1958). 
(2) J. G. LinHart: Journ. Appl. Phys., 26, 527 (1955). È 
(3) M. Danos: Phys. Rev., 94, 758 (1954); Journ. Appl. Phys., 26, 2 (1953). 


1085 


62 G. TORALDO DI FRANCIA 


PURCELL (*), which occurs when a charged particle passes close to the surface 
of a metal diffraction grating. More generally, a particle passing close to a 
transmission Jine can excite an eigenmode of the line, as was investigated by 
PIERCE (°). 

In all these cases, it would seem convenient to Re a the electromag- 
netic field generated by the particle into a set of plane waves. For, it is well 
known how a plane wave is refracted and reflected by the surface of a di- 
electrie or is diffracted by a grating. A transformation of this kind has been 
largely applied for the calculation of ionization losses and Bremsstrahlung (°°). 
However, such a transformation in the case of a particle travelling in empty 
space is only approximate. The approximation becomes better and better as 
fb =v/e approaches unity. 

But, it is not necessary to require that the waves of the set should be 
ordinary plane waves. We will show that the field generated by the moving 
particle in empty space can be exactly transformed into a set of evanescent 
waves (1). The transformation is valid in a whole half-space having no points 
in common with the line of motion of the particle. The evanescent waves are 
all attenuated in the direction perpendicular to the boundary of the half-space. 

Now evanescent waves are reflected and refracted at the plane surface of 
a dielectric or diffracted by a plane grating (1) in much the same way as 
ordinary waves. It, therefore, becomes an easy matter to discuss a number 
of Cerenkovian effects of the above mentioned type. By this approach one 
also obtains a very clear insight into the physical process. As an example, we 
will derive the formula for conventional Cerenkov radiation, starting from the 
case when the path of the particle is sandwiched between two dielectrics (12). 
The method of the evanescent waves will then be applied to the discussion of 
the Smith and Purcell effect. Of course, in this case the results will depend 
on the microscopic structure of the grating and will be different for different 
gratings. However, under some reasonable conditions, it is possible to derive 
some general properties of the radiation. It also becomes obvious that the 
effect will take place even if the metal grating is replaced by a transmission 
grating. 


S. J. SMITH and E. M. PuRrcELL: Phys. Rev., 92, 1069 (1953). 
J. R. PIERCE: Journ. Appl. Phys., 26, 627 (1955). 

E. FERMI: Zeits. f. Phys., 29, 315 (1924). 

E. J. WILLIAMS: Proc. Roy. Soc., 189, 163 (1933). 

C. F. V. WEIZSACKER: Zeits. f. Phys., 88, 612 (1934). 


(®) For the properties of evanescent waves see, for instance: G. ToRALDO DI 
FRANCIA: Electromagnetic Waves (New York, 1956), p. 171. 


(11) G. TorALDO DI FRANCIA: La Diffrazione della Luce (Torino, 1958), p. 104. 
(12) See Ref. (3). 
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2. — Expansion of the field into a set of evanescent waves. 


We will use ¢.g.s. gaussian units. Referring to a rectangular system of 
co-ordinates #, y, 2 (unit vectors i, j, k), we will consider a point charge e 
traveling in empty space with constant velocity v along the x axis. The electro- 
magnetic field E, H in the laboratory system will be represented by (1%) 


e (0 — wii + yj + <k 


HE fea Ey? + 22) 
(1) 
(PESI ee — 2j t+ yk 
V1— fp? (x — vt)? 37 


where 6 =v/e. Obviously, the # dependence of the field is only through the 
expression æ — vt. It is therefore expedient for the observer at rest to refer 
to a moving origin having the same velocity as the charge and consequently 
to replace x — vt by x. 


Further, if we assume the charge to travel at a distance <= —a above 
the plane <= 0 (Fig. 1), the field at -— 0 
will take the form charge 
cass lan 
ep ai + yj + ak 9 
=“ EN n= Fe 2 w- nes 14 ? 
VI— p? à 2 2 
Eri 
(2) : y 
e — aj + yk 
H = a F x? 8 . 
Vi Bt tata 
1-f? - 
We want to represent this field by a su- Z 
Eo 


‘ 3. — As is customary in microwave theory, an electromagnetic wave will 
be termed a TM wave if H,—0 and a TE wave if E,=0. As is well known, 
TM and TE waves have different laws of reflection and refraction, hence it 
is convenient for our future work to consider them separately. A TM solution 


(18) See e.g. A. SOMMERFELD: Electrodynamics (New York, 1952), p. 240. In this 


book, the sign of the magnetic field is obviously wrong. 
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of Maxwell’s equations can be written in the form 


E = A,[pri+ grj — (p° + @°)k] exp [ik(ct — px — qy —rz)|, 


(3) : ete ‘ 
H = A,[— qi + pj] exp [ik(ct — px — qy — re], 


where k is real, A,, p, 9g, r are complex constants and 
(4) py g°+r=1. 


A corresponding TE solution is obtained by replacing E by H and H by — E, 
as is allowed by Maxwell’s equations. There results 


E = A, [qi — pj] exp [ik(ct — px — qy — rz), 
(5) 


H = A,[prit+ aj —(p?+ @)k] exp ['ik(ct — px — qy —re)]. 


If the three numbers p, q, 7 are all real, then (3) and (5) represent ordinary 
plane waves having the propagation constant |k|=2/A, and p, q, r re- 
present the direction cosines of the direction of propagation. But if one at 
least of the numbers p, q, r is complex, we obtain evanescent waves. 

We want the exponentials to contain x and ¢ in the combination @ — vt 
only. Accordingly, we shall put p — 1/5. Next we shall refer to the moving 
origin by replacing «—vt by x. 

Since 1/6>1, the two numbers q, r cannot both be real, consequently we 
have evanescent waves. It is convenient to put 

x IF 
(6) p aay q real, r=+iVe+ @? (. ee ) 6 
p ; B 
In this way, (4) is satisfied and, for k> 0, the waves are attenuated in the 
positive or negative 2 direction according as the lower or upper sign is chosen 
in the third equation. The opposite happens for k< 0. 

By superimposing at the xy plane-a continuous set of both TM and TE 

waves of different k and q, we can write 


+0 +0 


E = [ul dal (Aypr + Asg)i + (4,4 — A,p)j — Ay(p? + @)k]- 


= 160) — 00 


‘exp - ik Ë LL x) ; 
(7) B 


+0 + 


H= far] dq [(— Arq + Aspr)i + (Ap + A,pr)j — As(p? + q°)K]: 


ra safe) 


where A,, A, are functions of k, q. 
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4. — If we change the variables of integration into 


(8) E=- n = kq 


we get from (7) the Fourier integrals 


+0 +0 


E Hi IL exp [— i(Ex + ny)] d£dn, 
Q ae | 
H Si Je exp [—i(éa + ny)|dédn, 


with 
| B= gi [Apr + Ai + (Aver — Aj — Alo + EN, 


Cut na LC Ag + Aspr)i + (Ap + Aagr)j — Aolp? + 02)k]. 


By substituting (2) into (9) and inverting the Fourier integrals, one obtains 


+O +O 


_ ey ai + yj + ak Bee 
BE, 7) = 7 | | ors 7 Py ali exp [i(éa + ny) | da dy, 


a Logo 
— aj + yk 
CE, n) = al lr = oT exp [i(é" + ny) | de dy, 


where y=1/\/1—?. 
The integrals involved in (11) belong to two fundamental types only, and 
it is readily derived that the following identities must hold 


1 5 
(12) BAE,N) = y By (vn, à ’ 


(13) C.=9, 0, =— PB; C, = BB, - 
By taking into account (6), one can verify that the three equations (13) are 


5 - Il Nuovo Cimento. 
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satisfied by the expression (10), provided that the condition holds 
q 
(14) AP = re 
Upon substitution of this condition into the first equation (10), we get 


co weak EE 0 


From this expression, by taking into account (6) and (8), we derive 


3 Bg, n) 1 1é 
16 = ees 
(16) BYE, n) v?Ba yn ’ 
(17) BE, n) Lt REEVE yk NE y 
BE mn) 4 BZ Sic og 


where the upper and lower signs correspond to the upper and lower signs of (6) 
respectively. 


Replacing B,(é, 7) in (16) by its expression (12) we can also write 


tà By(yn, ly) _ £ 


B,(È, n) v4 


Our task will now be to evaluate B, and B, from (11) and to verify whether 
or not they satisfy (17) and (18). If B, and B, satisfy (17) and (18), we can 
solve (15) for A, and (14) will give us A,. 


5. — The integrals (11) can be evaluated by means of the substitution 

1 
(19) CR y= osing, 
È = yy cosy, n= x Sin y. 


By applying the formula from the theory of Bessel functions (13) 


[co] 


(20) | J,(x0)o"*! dye yar 
to" Samet 2"I'(u +1) 


K,-n%0) , 


0 


(4) G. N. WATSON: Theory of Bessel Functions (Cambridge, 1922), p. 418. 
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which holds for —1< R(v) < 2R(u)+3, we find 


27 


21) exp [i(é + ny)] 1f odo 
( 3 Hi (ya? + y + a2) da dr, (oe? + a} ; fexp Lie cos 0 — g)]ad0= 
0 


0 


D | (02+ af y foie sac [2m (ga 23)? (£ ESL yt? 
ar (0? + a)? 7 (7%) hes y) Ky aes ty) 


In the same way we get 


+o + o 


29) y exp [i(£x +9] ji 
ae (y?a? + y? + a} SE 
foe) 27 © 
1 o? do Ori Ji(yo)o2d 
= sin 9 exp [izo cos (9 — p TL PARIGINI, AC 
le en p Lixe s( )] y EE (02 + a®)# ES 


= ae Sin pKy(ya) 320 va n(é? + y?n?)-* Ky (fv È? Je 7) È 
if 
Now since K,(x)= K_,(”) = vz/2x exp [— x], there follows from (11), (21) 
and (22) 


iey exp |— GIVE + yn] 
2a VE yn? 


(23) 
a 


ca 


é 


i= 
27 


exp| VE + Pe 


The identity (18) is satisfied by these expressions. 
The identity (17) is satisfied too, provided that the lower sign is chosen 
for k> 0 and the upper sign for k< 0. This means that the evanescent waves 


must be attenuated in the positive direction of the 2 axis, i.e. away from the 
particle. 


6. — From (15) and (23), we can evaluate Ai 


lE Sort dea 
29) Mee i Pe MAT: 
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and from (14) 
iek Bea 
270 (1+ Bret + q° 


(25) A, =— exp [—|klaVe? + q?] . 


Substituting these expressions into (3) and (5), we can write the fields of 
the component waves. It is convenient to combine the terms with equal and 
opposite % and then to interpret k as a positive number (physical wave number). 
We thus obtain for the field of a TM wave of the set 


E=“exp| k(a + 2)Ve + @?]° 


| vere (i + Bain [ea 3 a) 
(26) + k cos L (ta -@)| dk dq, 


ek ETS à aed See LA È 
H= = exp [— k(a Falvet4 al pgs Ê C7) dk dgq, 


and for the field of a TE wave 


ek a pq 
E =— ex — k(a + 2YVe? + È = 
TT P [ ( 4 re + B2q?)V + q? 


+ (qi — j) sin È (el So. —qy JJavay i 


Je lime: 
(27) H=—— exp [— k(a + 2)Ve + @]: 


fichi cos [ (ci Fi, x) | 


= TA sin È (e o )|lax dq . 


Thus, we have completed the expansion of the field generated by the moving 
point charge into an infinite set of evanescent waves, attenuated in the posi- 
tive direction of 2. 

Conversely, one can verify that addition of the two fields (26), (27) and 
integration with respect to % and q, gives back the field (1) for #> — a. 
The integration can be performed by elementary functions. For 2 <— a the 
integral diverges. This means that the representation of the field (1) in terms 
of the evanescent waves (26), (27) is valid only in the half-space <> — a. 
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In the half-space 2 < — a one must employ a second set of evanescent waves, 
attenuated in the negative direction of 2. Neither one of these representations 
is valid for 2— 4, i.e. for the plane containing the particle. 


7. — Cerenkov radiation. 


It is evident how the set (26), (27) can be used to discuss the radiation 
from a charged particle traveling with uniform velocity parallel to the sur- 
face of a dielectric. Let the two half-spaces 2 < 0 and 2> 0 be vacuum and 
a homogeneous dielectric respectively. Each evanescent wave produced by 
the particle is incident on the surface z= 0 and there gives rise to a reflected 
wave and a refracted wave. The reflected wave is an evanescent wave, atte- 
nuated in the negative direction of 2. The refracted wave has the direction 
cosines p’= p/n, q'= q/n, r'= VI ope es where n represents the refractive 
index of the dielectric. If nf > 1 there are waves for which these direction 
cosines are all real. Consequently, some of the refracted waves are ordinary 
plane waves which carry radiation away from the surface. We will not dwell 
on this case which was treated by LINHART (2) with a different technique, and 
will briefly show how the theory of the Cerenkov effect can easily be worked 
out by means of our expansions. 

We will assume that the homogeneous dielectric occupies both half-spaces 
2 > 0, -<—2a and the particle moves in the empty layer in between. 
Clearly, the Cerenkov case will be obtained by making a very small, as was 
pointed out by DANOS (*). The dielectric will be assumed to be dispersive 
so that the refractive index will be a function n(k) of k. 

The incident waves will be the waves (26), (27) for the surface z= 0 and 

a corresponding set of waves attenuated in the negative direction of 2, for the 
surface ¢——2a. To satisfy the conditions of continuity, we shall have to 
add two other sets of evanescen twaves (multiply-reflectedw aves), attenuated 
in the positive. and negative directions of + respectively. A moment of re- 
flection shows that for a — 0 these two sets will have equal H,, E, and equal 
‘and opposite H,, H,. This means that for a given frequency, the tangential 
components of H on the plane 2—0 tend to become identical to those of 
the waves (26), (27). By the condition of continuity, these same values of the 
tangential components of H will hold for the refracted waves. 

Let us now consider the incident wave having q=0. By (26), 
magnetic field on the plane 2= 0 for a very small a will be given by 


(27), its 


ele” Lae | 
(28) PE ad cos |» (ci ey. >) dk dq . 


/ 
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The refracted wave will have the form 


ek 
D H =——jcos 
(29) = À cos 


k' (= t— p'a — ra) dkdq . 
n 


Continuity at 2—0 requires k’=nk and p'=p/n=1/fn. The refracted 
wave travels in a direction which makes an angle 9 with the axis given by 


30 CURE, 
(30) COS Pv 


This is the well-known formula for Cerenkov radiation. 

We are now led by symmetry to surmise that a wave similar to (29) will 
travel in each direction which makes an angle 6 with the x axis. For, the 
plane cut within which the particle travels, is only ideal and can have any 
orientation. We, therefore, expect a set of waves like (29) to appear in the 
dielectric and to envelope a cone with semiaperture 7/2 — 6. However, we will 
proceed in a more rigorous manner by maintaining the small cut and taking 
into account the effect of all the refracted waves at a point of the xz plane. 
If after this the thickness of the cut is made to vanish, the point considered 
will simply become a general point of the dielectric. 

Let us denote by H(k, p, q) the amplitude and by q the phase of the re- 
fracted wave generated by the incident wave k, p, g. The resultant magnetic 
field at the point x, 0, 2 of the dielectric will be given by 


+ © 


Km 
(31) H = far Ak, p, q) exp [ik(ct — pa — avn? — p?—q?) + ip | dq, 
0 


— © 


where the real part is understood. Here %, indicates the highest value of k 
for which nf >1 and the refracted wave p’ = 1/nB, q'= 0 is still a real plane 


wave. Since we are only interested in the value of the field for very large . 


values of 2, we can apply the principle of stationary phase (%) to (31) and 
obtain for the real part of H 


m 


(82) Ha E fara, Dio (Resa 


k 


* COS 


k (ct — en cos 6 — zn sin0) + S85 dk, 


(15) See for instance, ref. (1), p. 36. 


1094 


pf al 


ON THE THEORY OF SOME CERENKOVIAN EFF2CTS 71 


where 75 = @(9= 0). Now from (29) we have H(k, p, 0) = ekj/x and gy, = —a, 
hence, we find 


Km 
OT 
(33) PS US : VE [v kn sin 6 cos Le — en così — zn sin 0) — = dk . 


By a perfectly similar argument we can evaluate the electric field and, 
since E(k, p, 0) is perpendicular to both H(k, p, 0) and the direction 6, further 
E(k, p, 0) = H(k, p, 0)/n, we easily find 


ee 
(34) bo = VE] VE sin? 0 cos it — nx cos 6 — nz sin 6) — = dk . 
0 


By forming the z component of the Poynting vector 8,= cE,H,|4x and in- 
tegrating with respect to time from — co to +oo we obtain the total energy 
escaped through a unit area perpendicular to 2. Multiplying by 2727, we have 
the energy W radiated by the particle while traveling a distance /. Therefore, 
we shall write 


cell | 


(35) dt| dk 


K sin? 0 cos È (ct — na cos 0 — nz sin 0) — 


5) 
k(ct— na così — ne sin 6) = o 


? 


[avis sin 0 COS 


0 


where the notations are used ” = - n(k), 6 —6(k). By performing first the in- 
tegration with respect to ¢ and recalling that 


+ œ@ 


feos (kE) cos (RE) aE = aL O(k — k) + Ô(k + k)] à 


= 2 


(36) a 
[so (KE) sin (kE) dé = x[6(k — ky 0(E+b)], 
we obtain 
Km a 
; | 
(37) W = era k sin? 0 dk = erfe(1 sa sa) dk. 
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This formula coincides with that given by FRANK and TAMM ('5) in their theory 
of the, Cerenkov effect. 


8. — Smith and Purcell effect. 


A perfectly similar argument can be carried out when the plane 2=0 
represents a diffraction grating with the rulings parallel to y, as in the exper- 
iment of SMITH and PURCELL (‘). For convenience we shall refer to the case 
when the grating acts by transmission. The case of the reflecting grating is 
obtained from this by a simple reflection of all the diffracted waves at the 
plane 2= 0. 

It the direction cosines of the incident wave are p, q, r the direction cosines 
p', q', r' of the diffracted wave of the m-th order are obtained by (1°) 


(38) Pie TE Li qi=4; 


where d represents the spacing of the grating. With regard to diffraction there 
is no fundamental difference between an ordinary plane wave and an evanescent 
wave. The diffraction of a real plane wave can give rise to evanescent waves (1°) 
and vice-versa. 

In the case of the evanescent waves (26), (27), having p — 1/8 it is pos- 
sible for 


(39). p =" 


to be less than 1. In this case, if p'?+q? <1, the diffracted wave is a real 
plane wave, and carries energy away from the system. The directions of all 
the m-th order waves of a given frequency make an angle 0 with the x axis 
given by cos0 = p'. From (39) there follows the expression of the wavelength 


(40) 2 = (cost) 


m 


which is an obvious generalization of that given by SMITH and PURCELL for 
the first order. 

Let us now consider the whole set of waves (26), (27). By adding the TM 
and TE contributions, each wave of the set will be specified by the values 


) I. FRANK and I. G. Tamm: Compt. Rend. Acad. Sci. URSS, 14, 109 (1937). 
(Ea Oz ; 
) 


See ref. (44), p. 108, 114. 
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of k, p, q. Let E(k, p, q) denote the electric-field amplitude and the phase 
of the m-th order diffracted wave, generated by the incident wave k, p, q. 
For the sake of simplicity, we shall confine ourselves to the plane of sym- 
metry wz. The resultant field generated at the point x, 0, z by the m-th spec- 
trum, taken between the values k,, k, of k can be written as 


+ © 


(41) E = fa E(k, p, q) exp [tk(et — p'x — r'2) + ip] dq , 


_ o 


where p'= così is given by (39) and »— V1 —p"—q?. We will assume that 
k, and k, are so close to one another as to practically correspond to the same 
value of 6. For very large values of z we can apply the principle of stationary 
phase and get for the real part of the field (41) 


(42) [pe (k, p, 0 presta os [Mot — 2 cos — e sin0) + qu +7) ak. 

A similar expression is valid for the magnetic field, with an amplitude 
H(k, p, 0) equal to E(k, p, 0) and perpendicular to it and to the direction of 
propagation of the diffracted wave. By forming the Poynting vector and 
integrating with respect to t between — co and +00, we get the total energy U 
which goes through a unit surface perpendicular to the direction of propa- 
gation 0, at a large distance 2 from the grating 


(43) v= farm, » 0) J/ #7 cos 
Le È 


| E(k, D, 0) | — ca 


ki 


k(ct — # così — 2 sin 0) + Po + 7a: 


k(ct — x così — e sin 0) + +4 ak. 


We now recall (36), and perform the ¢ integration, then put k, — k = dk, 
obtaining 


in 0 1% 
(44) U == * [Wp 0)]}dk. 


From (26) we see that the amplitude of the incident wave k, p, 0 is 


(ek/) exp [— kae]. Therefore, we can write for the amplitude of the m-th 


order diffracted wave 


(45) E(k, 9, 0) = Re exp [— kas], 
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where 6,, denotes a number which depends on the structure of the grating 


m 


and on k. Upon substitution of (45) into (44), we get 


(46) be a Om sin 0 exp [— 2kae] dk . 

The case of the grating does not present the cylindrical symmetry of the 
Cerenkov case. However, to get an order of magnitude of the total energy 
radiated by the particle while traveling the path length 1, we may simply 
multiply (46) by zel sin0 and integrate with respect to k. We thus see that, 
if both the factor dì, and the exponential have the order of magnitude of unity, 
the total radiation is of the same order of magnitude as that of the Cerenkov 
effect in a medium having the dispersion law (39) for an incident wave with 


p=1/p. 


9. — If instead of one particle, there is a steady surface current of N par- 
ticles per second, and if the spacings of the particles are sufficiently at random 
for the emission to be considered incoherent, the power P flowing across the 
unit surface perpendicular to the direction 0 is found from (46) to be 


(47) pa 


~ 88k k sin 0 exp [— 2kae}dk . 
T2 


Since this power comes from a distance z/sin 0 along the ray, the unit sur- 
face perpendicular to the ray corresponds to a solid angle sin? 0/22. Further, 
if D denotes the transversal width of the surface current, the apparent area 
of emission from the grating is D(2/sin 0) d0. Hence, the brightness of the 
grating, or the power per unit solid angle, per unit apparent emission surface 
will be given by 

Ne? dk 


2 
Omk 


oil B Ep et) 20 


exp [— 2kae] . 


Eliminating k by means of (39), where p'= cos 9 and denoting by I = Ne/D 
the density of the surface current, we can also write 


m2 sin 0 B3 a: V1 — p? 
49 BREE x ee Di 
sa dii i (1 — f coso CP CIRIE 


It should be noted that expression (49) holds for the m-th spectrum, con- 
sidered isolated from the other spectra. In practice there will be a certain 
superposition of different spectra. 

To discuss our results, we have to make some assumptions about 62. This 
number represents the intensity of the m-th spectrum diffracted by the grating 
and depends both on the structure of the grating and on the parameters f 
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and 6. However, one can assume that by proper shaping of the profile of the 
rulings, 6;, can be rendered very close to 1 for the direction and the wave- 
length considered. This is certainly true for the case of an ordinary reflection 
grating working with real plane waves (blazed gratings) and is probably true 
also when the incident wave is evanescent. We will, therefore, stipulate that 
the grating used is always a «good » one for the angle and wave length con- 
sidered, so that 6,, is of the order of unity and does not vary much with 6. 

It is apparent from (49) that in order to obtain as much brightness as 
possible, one should make a very small. In other words, the particles should 
travel very close to the grating. The exponential attenuation with increasing a 
is the most severe limiting factor to the brightness. To reduce its effect, one 
should make £ as close to 1 as is feasible. In practice both the highest value 
of f and the lowest value of a will be set by the accelerating and collimating 
equipment available. 


90) 1100 
810! 
72 80 
| (8) 
63° 
F(B)/10 f 
5 £|}__+—_ 60 
0 max! 


Once the values of the parameters B, a, d are fixed, there is a sas LU SNA 
of the angle 0 for which brightness is a maximum. Let ua first invest ave the 
ideal case when a=0. It is found from (49) that in this case, 0, = 


ituting this value into (49), one can 
= are COS [(W1-+2482—1)/46]. By substituting this valt (49), 
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write for the value of B corresponding to 6... 


m 2 


(Gann)? F(B) erg/s mm? sr, 
“meron 


(50) Bown == FN Un 


where the current density I is measured in yA/mm, d in ym, and F(f) is a 
function of 8 only. The values of 0, and F(A) are plotted against f in Fig. 2. 
From the value of 0... and d one can calculate the corresponding value of 7 
by means of (40). The order of magnitude of 2 will be about the same as 
that of d. 

In practice a cannot be exactly zero and our evaluation of the brightness 
is much too optimistic. The exponential factor in (49) will reduce by some 
orders of magnitude the brightness as given by (50), especially for very small 
values of d or A. It will also shift 0,,,, towards higher values. A discussion 


of (49) shows that 6,,.<90° according as 47m(a/d)V1 — *<3. Therefore, 
when a is not very small compared to d, maximum radiation occurs in a 
backward direction. This is a feature unknown for Cerenkov radiation. 


10. — Conclusion. 


We have shown that the field of a point charge in uniform motion can always 
be considered as the superposition of an infinite set of evanescent waves. The 
expansion is valid in a whole half-space which does not contain the line of 
motion of the particle. 

The representation of the field as a set of evanescent waves considerably 
facilitates the theoretical investigation of some Cerenkovian effects and gives 
an insight into their physical meaning. This procedure seems particularly 
useful in the case of the Smith and Purcell effect. Some previous ap- 
proaches (1920) interpreted this radiation as being produced by the electro- 
static image of the point charge given by the grating, which acts as a tra- 
velling and oscillating dipole. It seems very difficult to get from this ap- 
proach a rigorous theory, holding for a general type of grating. Our approach 
instead confronts us with a well defined mathematical problem, namely with 
the problem of diffraction of an evanescent wave by the grating. This problem, 
of course, can only be solved when the structure of the particular grating em- 
ployed is known. In this connection, we point out that the evanescent wave 
approach can suggest the best type of grating to employ for a given purpose. 


(?) A. KASTLER: Suppl. Nuovo Cimento, 8, 761 (1955). 
(°) K. Isurauro and T. Tako: Fifth Meeting and Conference of the Internationa? 
Commission of Opties (Stockholm, 1959; to be published) 
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PE instance, if we want to estract from the particle as much energy aS pos- 
sible, we are interested in having a great value for 6,,. It is interesting to 
note that when both the incident and reflected waves are evanescent, the 
grating can show a sort of resonance (21) giving 6, >1. It will be I ithe 
to investigate whether a similar condition can be obtained when the incident 
wave is evanescent and the diffracted wave is an ordinary travelling wave. 

It will also be of interest to evaluate the reaction which the reflected or 
diffracted waves exert upon the point charge. It should be possible in this 
way to assess the total power radiated. 


(21) A. L. CoLteN: Proc. I.E.E., 101, 225 (1954). 


RIASSUNTO 


Si mostra come il campo elettromagnetico generato da una particella carica in 
moto rettilineo uniforme possa essere rappresentato da un insieme di onde evanescenti. 
La rappresentazione è solida in tutto un semispazio non avente punti a comune con 
la traiettoria della particella. Le onde evanescenti possono incidere sulla superficie di 
un reticolo di diffrazione ed essere diffratte. Una parte delle onde diffratte è composta 
di ordinarie onde piane, che si propagano e trasportano energia lontano dal reticolo. 
È possibile in questo modo spiegare l’effetto Smith-Purcell e arrivare ad alcune utili 


conclusioni quantitative. 
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Photoproduction of Pions on Pions. 


M. GouRDIN (*) and A. MARTIN 
CERN - Geneva 


(ricevuto il 23 Dicembre 1959) 


Summary. — Photoproduction of pions on pions is computed by means 
of the Cini-Fubini version of the Mandelstam technique. The problem 
is reduced to the resolution of a Fredholm integral equation containing 
an arbitrary multiplicative constant which could be determined by extra- 
polation of experimental cross-sections. Under the assumption of a sharp 
pion pion resonance we derive approximate solutions which exhibit the 
same resonant behaviour. These results will be soon applied to Compton 
scattering on pions and nucleons and photoproduction on the nucleons. 


1. — Introduction. 


The assumption of a double dispersion relation (1) for a two body—two 
body matrix element leads to interesting consequences when it is combined 
with the unitarity condition. It is hoped that the approximation in neglecting 
three body states is valid in a limited range of energy. This is being applied 
to pion pion (**), pion nucleon (°°) and nucleon-nucleon (*°) interaction. 


(*) On leave of absence from the Laboratoire de Physique, Ecole Normale Supé- 
rieure, Paris, and Faculté des Sciences de Bordeaux. 

(*) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958). 

(®) G. F. Crew and $. MAnDELSTAM: UCRL 8728, to be published. 
(*) M. Cinr and $. FuBINI: to be published. 

(4) W. Frazer and J. FuLco: Phys. Rev. Lett., 2, 365 (1959) and UCRL 8880, 
to be published. 

(5) G. F. CHEW: Report at the Kiev International Conf. on High Energy Phys. (1959). 

(°) J. Bowcock and D. LuRIÉ: private communication. 

(7) W. Frazer and J. FuLco: UCRL 8806, to be published in Phys. Rev. 


1102 


PHOTOPRODUCTION OF PIONS ON PIONS 79 


Examination of the processes involving photons, such as pion production 
on nucleons or Compton scattering on nucleons shows that a necessary inter- 
mediate step to apply the Mandelstam technique to these reactions is the 
calculation of the process: 


yYtrontn (). 


The interest of this reaction also lies in its simplicity, due to the limitation of 
possible states by conservation laws and symmetry properties. Assuming a 
known pion pion J=1, T—1 phase shift, one can reduce the determination 
of the matrix element to the solution of a single Mushkelishvili-Omnès integral 
equation which can be transformed into a Fredholm equation containing an 
arbitrary multiplicative constant in the inhomogeneous term. There is no 
way of determining this arbitrary factor in this approach because the electro- 
magnetic coupling constant of pions never appears and since, in this process, 
the isoscalar part of the photon alone is acting, there is no possibility of using 
a low energy limit property. 

In the first sections we give the rigorous treatment of this problem, fol- 
lowing the simplified version of the Mandelstam technique proposed by CINI 
and FUBINI (8). The last section is concerned with approximate solutions of 
the equation and discussion of the results under the assumption of a pion pion 
resonance. 


2. — Structure of the matrix elements. Kinematics. 
We define p,p,p, as the incoming four momenta of the pions (**), k =— p, — 


—p,—p, as the incident momentum of the photon. We define channel one 
by the reaction 1+y >2+-3, and so on (Fig. 1). 


We introduce, as usual, the quantities ¢ 
Pt 
k PAP 
81 = — (Pa + Pa), 
(1) 8, = — (pit Pa); 
Pg” NE P, 
= (Put Pa)"; oe xa 
Fig. 1 


on the energy shell s,+s, +5, = 34°. 


(5) This problem is also studied by H. S. Wone: private communication ; and 
Bull. Am. Phys. Soc., 4, 407 (1959). G. BoNNEVAY (private communication) has also 


done some work on this subject. ; tata | 
(**) Itis useless, as will become clear later, to indicate the charge indices of the pions. 


(8) M. Crnr and S. FUBINI: Lectures on Two Dimensional Dispersion Theory (CERN, 
unpublished). 
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From Lorentz invariance and gauge invariance the matrix element has 
the form (°): 
1 Pip P2v Pao la 


ay ‘vo 
di 4 [P15D20Ps0h0 À 


F(81) 825 83) , 


where e is the photon polarization. 
| Application of G-invariance (*) shows that only the isoscalar part of the 
photon contributes. Since the 7 =0 three pion state is completely antisym- 
metric in isospace, it follows from the boson character of the pions that the 
function F'(s,s,s3) is completely symmetrical. In the reaction y+7 >7+7, 
the two final pions are in an isospin state 7=1; their relative orbital angular 
momentum is odd. 

We now consider channel one (the crossed reactions are exactly the same 
due to the symmetries of F). Then the invariants can be written in the centre 
of mass system: 


8, = (w, + p)? = 40), 
(sine 8, = pu? — 2 pe, + 2pq così, 
83 = u? — 2pm, — 2pq cos 0, 
where p is the photon momentum, q is the relative momentum of the final 


pions, and 0 the scattering angle. 
The matrix element becomes 


4 = ay, à 
(4) A AGDE cina FÉES 82, Sah 


3. — Mandelstam representation. 


From G-conjugation the intermediate states containing an odd number of 
pions are forbidden, as in the pion pion scattering. In particular the one pion 
state is missing so that there is no pole in the scattering amplitude. 

We now assume for the scalar function F(s,s.s,) a Mandelstam represen- 


tation, containing a single weight function, due to the above symmetry 
properties: 


(5) (818283) = f(8.82) + f(8258) + (8381) ; 


(9) P. FEDERBUSH, M. L. GOLDBERGER and S. B. TREIMAN: Phys. Rev., 112, 
642 (1958). 


(*) @ operation is a combination of charge conjugation and charge symmetry. 
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where 


© œ 


f(S182) La ep 
(a —$,)(B — 85) | 


po? (2/0)? 


The questions of convergence of the integrals are disregarded for the moment. 

Actually, as was noticed quite generally by Cini and FUBINI (§), the two 
variables & and 6 cannot reach simultaneously their lower limit, corresponding 
to the two pion state. More precisely, if s, lies between (24)? and (4y)?, the 
only possible intermediate state in channel I is a two pion state—the three 
pion state being forbidden (Fig. 2). 


Then the minimum value of s, can be obtained by looking at channel IT. 
It is easily seen that the lowest intermediate state contains at least four 
pions (Fig. 3). 


Therefore 
(4)? © roe) (CIO 
1 o(x, P) i fa o(x, P) À 
Hsi8) = = faz [ao (x = 83)(f — 82) 2er ge à (x — 8,)(B — 82) 
(24)? (4)? an»? (24)? 


1 ‘oi o(x, B) 
+4 =] de] MS ei 


au»? (Ap)? 


The first term of the right hand side has a strong dependence on s, and a 
_weak dependence on s,. The second term has a strong dependence on s, and 
a weak dependence on s,. The last term has a weak epenvente on both 
variables. Combining the three functions f one can rewrite (5) as: 


F(s18:83) = g(81Z1) + g(8242) + g(83Zs) , 


where 


Ta = 82 — 83 ; Zo = Bq — 83) Zz = 81 — 82: 


6 - TL Nuovo Cimento. 
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g(s, Z) has a strong dependence on s and a weak dependence on Z; it is 
an even function of Z because F is completely symmetrical with respect 
tO 818983. 

We now neglect the Z dependence; the error is of the order Z? (*). Then 
(5) becomes: 


dI 8s’ )-ds’- 1 p(e)ds’.. 1i-ple ds 

(6) 1 (515,83) = fe AES fs | +(e = 
KR}. s'—#, al s'— 8 ml 3'— 8, 
2) (2)? (2)? 


In the case of the pion pion interaction, this treatment has been shown 
by Cini and FUBINI (3) to be completely equivalent to the Chew-Mandelstam 
approach (2) in which the corresponding approximation are made later. 

We provisionally assume that the integrals appearing in (6) are convergent; 
actually we shall see later that the final results are equivalent, with or without 
subtraction. 


4. - Derivation of the basic integral equation. 


In order to apply the unitarity condition to 
the lowest angular momentum amplitude, we 
have to extract the P wave part of A.(q, Q,). 
In the frame given in Fig. 4 angles 0 and 
are defined. Then (e, p, q) = pq sin 0 cos p rep- 
resents a P wave with axis exp. The P wave 
part of the matrix element has the same axis. 

With the help of the form (6), we can write 


Fis ist -—the scattering amplitude: 
PSC ye Ra ase 
! ve 4VPO, |x s — 4q?— Au?— ie 
au? 


(co) 


1 | o(s) ds * =| o(s) ds | 

no, SU + 2por— 2pq cos) . a] s — u + 2pm, + 2pq cos af à 
7} hi : NETTE | 

We define the P wave amplitude as: 


(8) A(q?) = EC 2,) sin 0 cos p dQ 


(*) If it turned out that the J —3 states are important this would not be permissible. 
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and obtain the following representation for A(q?): 


A pq 
A(q?) = —2— Bee 
Li 4VP®p Ms 
with B(q?) given by 
of © +1 
3 
9 I sin? 0g 0- 
(9) if ms if 0 d cos 0 
dp? -1 
o(s) A 2 | 1 : 
ls— 2+ 2p, — 2pq cos 6 © s — u*+2pao, + 2pq cos 0 


au? 


The denominators of the second and third integrals in the r.h.s. can never 
vanish in the physical region for channel I. The only contribution to the 
imaginary part of B(q?) comes from the first term 


Im B(q?) = 0(4q? + 4u?) . 


We can then replace the weight function o by the imaginary part of B. 


+1 CO) 


(10) = BY) = E | 2 [sine 9a cos tm BW) dv 
pe An 
-1 


0 


2Y Poe 


? 


9 

1 
NAS EU a 
+5 à LI - à) coso 


where the following change of variables has been made : 


‘the pion mass w has been taken to be unity. 


We now have to apply the unitarity requirement. ator this purpose we 


use the relation 
IMmT=TT*. 


In terms of matrix elements this becomes: 


Im Ge|Tray = > Tm] Tr). 


En = ETT 
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When s, is less than (4u)?, the only intermediate state contributing is a two 
pion state (the yx state is disregarded because it corresponds to higher order 
in the electromagnetic coupling constant); this state has the same quantum 
number as the final two pion state: J=1, T=1. The unitarity condition 
takes the simple form: 


(11) Im B(v) = B(v) h*(v) , 


where h(y) = exp [iô(»)] sin 6(v) is the amplitude for the pion pion scattering 
in the T=1, J=1 state. When s, = 4v+4 is larger than 16, this relation is 
no longer rigorous but we maintain it because there is no way of taking into 
account properly the four pion states. 

Equation (10) becomes a homogeneous Mushkelishvili-Omnès integral equa- 
tion (1°) for the quantity B(y): 


(ce) SRO co 


all B r h* ') dy’ 
2) Bi)= | w) Doe: È Jane 9a cos0] BH") a 
TI V'— y — de An 
0 => À 0 
9 
Day! ve 
| 2y pigri 
(+5 +3)— 7 A du 20 
258) gel 3 +3) 00 


5. — Reduction of the integral equation to a Fredholm type equation. 
We want to put. equation (12) in the form: 

A n r EIA I 5 = 

(13) Bo) = [Er (vy) dy 42/2. 


IT y' —»y —te IT 


0 — © 


Then it is straightforward to transform equation (12) into a Fredholm equation. 
The problem is to determine the left hand cut and the discontinuity across 
this cut of the function B(v). The main difficulty of this transformation is 
due to kinematical complications coming from the presence of unequal masses. 
Let us study the kernel K(», v') defined as the integral over cos 0 in the 
second term of the right hand side of (12): 


+1 


(4) K0, 9’) = “fa DRS, O+1) @+ 29+) in 
T (v +1) [y+ 2y +22 ov + us 


(!°) R. OmnÈs: Nuovo Cimento, 8, 316 (1958). 
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It will be shown that the denominator D(v, v’, u?) of the above integrand has 
three real negative roots with respect to v. This enables us to define a left 
hand cut. These roots are functions of »’ and u?. The integrand will be de- 
composed in partial fractions with respect to v and put in the form 


(15) pil, u?) 
i=12,3¥ — (y, u?) 

Then x, will be taken as a new variable of integration instead of w. It is not 
necessary to know the roots x; of D but rather the expression of w in terms 
of x, and this turns out to be very simple, because D is linear in uw?. The 
existence and location of the roots are quite trivially established by the fol- 
lowing table: 


Il 


D(-1;v', u?) 


È À 9 3\3 
D (3 y’, we) = 5 Fr + 3) (3) (l1—w)< 0, 


D( 29 — 2, v', u?) = (87 + 9)0'+ FP? w> 0, 


D(— co, v’, u)<0, 
(16) os 20, — 27’ — 2,5 pen 5-1. 


For given »’ it can be shown that the three roots a;(v', u?) are monotonous 
functions of u?. The limiting values are: 


u=0 Ui TL 
oy — ] Cm) > — à 
% og ag) —È 
Xs — 2y’ — 4 Co 


= 0, which in this special case becomes 


a second degree equation. In the limit v' = 0 
%m(0) à cy (0) ENT 8 x 


This means that when w and »' vary in the whole physical domain one 
obtains a single continuous cut from — co to. —1. 

In each term of the decomposition (15) we take a; 
Since for fixed »’ the ranges of variation of 0, %,o%3 do no 


—z as a new variable. 
t overlap, the integrand 
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is reduced to a single term: 


ean) ae + — @ + (+2 +9 


1 
2 


with 
[8 
zg+124 244 
Vu? = > a Ey 
& o 
for 2> —2v'—3, de. 2—04 O7 o, e——1; for 2= 0, e=+1. 
— 2v' — (9/4) ayy) A 
di A(v', 2) 
(17) HO) er - = de —— . 
Ti v—2 


= © —2v'—(9/4) mv") 


A(y’, 2) turns out to be given by 


oe te) = 12(9" [2 —a,(»") [2 — &m(V)] +1. 
do) Ay’, 2)= 1200" +1) eS \/ i 


EH D E+DE+ E2)—¥— 9 — He + Det +9) 


Therefore 


From this expression one can get equation (12) in the form (13) putting in 


evidence the discontinuity across the left hand cut: 


vu) 


(19) C(e)= = è (: = 3) | Bono 46", 2) dy’, 


v' by 


where e(x) = #/|e| and the upper 
limit of integration is related to 


7 9 
Vy(&)=— 8 


D 1 


PR oV/ 2 
PALLI oraz: 


Fig. 5 shows the domain of 


Fig. 5. — The domain of integration over variation of 2 and v' for physical 


y! and à. values of ». 
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The solution of equation (13) reads (1): 


(20) i a TO 00) OC) exp [— ole) de 
id IT | pg , 
where w: 
(21) RE E | do) dy’ 
n J'v{v—v) 


and B,(v) obeys the equation: 


co 


(22) Bin 1 Bylo!) h*(v) dv 


TT v'— y — ie 
The possible solutions of (22) are 
(23) B,(v) = Jom exp [o + id], 
where m is an algebraic integer (1°). If one assumes for the Wt i =4 
phase shift the behaviour 6(0) = 0, ô(co) =, which corresponds to a single 
resonance, and furthermore that d(r) —a goes to zero fast enough as v goes 


to infinity, one sees that exp [g(r)] behaves like 1/y at infinity. Since from 
(22) B,(v) behaves also like 1/y at infinity, the only acceptable solution is 


(23) B,(v) = À exp [o + id]. 


Hence (12) is finally transformed into the following Fredholm equation 


co 


(24) B(v)= exp [o(r) + 1607)] É + foro, v')h*(v')B(v') dv'|, 
where 
| EP 4059) exp [= 20) 
i À 2) exp [— o(2 
(25) No, va A | — | de - SP o 
È - am’) 


The constant À is an arbitrary parameter which enters as a multiplying factor 
in the final solution. There is no way in this approach to relate this factor 
to other fundamental constants, in particular to the electromagnetic coupling 
constant which, in fact, certainly plays a fundamental role in the detailed 
mechanism of the interaction as can be seen by inspection of Feynman graphs. 
Therefore a direct confrontation of the present calculation with experiment 
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cannot be made. One has either to compare two measurable processes where 
the yn >T+7 reaction plays a role, for instance pion photoproduction on 
nucleons and Compton scattering on nucleons or to use the Chew-Low extra- 
polation method (1). This method, which would give. an absolute measure- 
ment of the unknown para- 
meter can be applied to two 
cases: 


a) photoproduction of 
two pions on a nu- 
cleon (12) (Fig. 6-a); 


b) production of a pion 
by a pion in the Cou- 

Fig. 6. lomb field of a heavy 

nucleus (Fig. 6-b). 


A possible way of avoiding a difficult extrapolation in process 6) consists 
in using various targets and putting in evidence a Z? effect in the cross-section. 
This method, which is also suggested by B. FERRETTI for the reaction 
ytn—+>n+n-+z, is intended to be applied by O. PIccIONI (’*). 

Another equivalent way of introducing multiplicative parameter / is to 
make one subtraction in the Mandelstam representation at an arbitrary ref- 
erence point. The two methods give identical results. 


6. — Approximate solutions. 


In this section we present approximate solutions under the assumption 
that the J=1, T=1 resonance is dominant in the xx-scattering amplitude 
h(v). Since nothing is really experimentally known about this scattering am- 
plitude we do not think it is worthwhile to work out a rigorous solution of 
integral equation (24) which would probably necessitate machine computation. 
We only hope to reproduce general features of the matrix element and to see 
how much the pion pion resonance is felt in this reaction. FRAZER and 
FULCO (‘) have estimated the effect of this resonance on the nucleon form 


factor. We use a resonance energy which is approximately the Same, 1.6. 
v,=4 (*). 


11 


(1) G. F. CHEw and F. E. Low: Phys. Rev., 102, 1635 (1959). 
(2) B. Bosco and V. De Atraro: Phys. Rev., 115, 215 (1959). 
(13) B. FERRETTI: private communication. i 
(*) This corresponds to the quantity produced by Frazer and Futco in their first 
paper. Calculations with the new values are given in Appendix II. 
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61. Approximation « cos 0 = 0 ». — If we go back to equation (12) and look 
at the denominator of the second integral in the right hand side, we see that 
for y — y, — 4 the relative coefficient of the cos? 0 term is at most .45; on 
other hand a weighting factor sin? 0 in front of the whole integrand strongly 
favours cos? 0 — 0. It can be checked by analyticcal culation of the kernel 
K(v, »') that this is not a so bad approximation. Such an approximation has 
been used by CINI, FUBINI and STANGHELLINI (!) in the fixed angle nucleon 
dispersion relations problem and gives results in good agreement with the 
more rigorous calculations of NovEs (!°). 

Equation (12) becomes 


Bay) =~ | Dire s i Bah) dy! 


pp AE TT 24 9+4 
0 


(26) a 


It is readily transformed into the Fredholm equation 


(co) 


(4 ( Bi)“ — o(- 2'—2) ] av’ 
(27) Bale) = exp [e) + 46(0)] 4 + 5 1 di er sro 


0 


It is convenient to make the following change of function 


B,(») = exp [0() + iô(»)]p(») ; 
then 


(28) = À Le sin ô(»') exp [ o(v°) — o(— 2v' — ?)] dy’ 
2 p(v) = À = . 


9 
2 + +7 


This equation is easier to solve, because of more rapid convergence of the 
integral, in subtracted form: 


6 a ! = 1 ET A F y! dy’ 
(29) gir) _ Ea g(— à) 2 2(= Oy ) exp ol’) o( i 2) 1 Ftv’) dy 
yt? yiin © 2+v+1 
0 
(vy =— à corresponds to 8, = 8: = 8 = ue). 


(14) M. Cini, S. FUBINI and A. STANGHELLINI: Phys. Rev., 114, 8 caso 4 

(15) H. P. Noyes and D. Y. Wonc: to be published; summary lena (EE Cei in 
| the Proc. of the International Conference on Nuclear Forces and the Ey ee 
|. Problem, 1959 (to be published, London); also private communication from H. P. NoyEs 


to S. FUBINI. 
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If we first make the approximation that the width of the resonances is 
extremely small, equation (29) can be put in a form which has an exact so- 
lution: 


i) 2 exp[— o(— 2VR— ON fs sl 1 '\) Fy’) dy’ 
ref n° oe ete Aes PA ee 


0 


(30) F(v)= 


making use of the relation 


= exp [ot Vo) | ’ 


IT 
0 


1 sin Ô(») exp [0(v)] dv 
y+ Vp 


derived in Appendix I, we readily get the solution 


(31) Flv) = gt à 


da 2exp [o(—#) — of—27— 2) 
v+Fi 3 y+ 2m, +8 


In the case of zero width, i.e. 6(v) = 26(v—v,) (where 0(x) is the step func- 
tion), exp [— 0(e)], for negative values of ¢, is given by 


(32) exp [— o(e)]-= 2 


Then g(r) becomes: 


| 3 = Sva == Ay 
= 3 4 
(33) csc 
and the P wave amplitude becomes 

v(4v + 3) € 5) 3 + 87» — 4y 
(33° Ô ER ee se SS 
(33°) “= 5)" bis xP lee) +i onal AE 2e 


This amplitude is dominated by the mz resonance since the factor exp [ o(»)] 
has a very sharp maximum at v=v,, but, due to the properties of g(v), it 
vanishes at an energy v=4+2»,, i.e. about 8.75 for »,~ 4; this is a fairly 
large energy where the Mandelstam treatment might break down and one 
should not consider this feature of the solution too seriously, but we believe 
that an exact treatment of the integral equation will qualitatively give the 
same result because the approximation «cos 0 = 0 » slightly underestimates the 
kernel of the Fredholm equation. 

Keeping the same analytical form (31) with undetermined coefficients we 
have tried to solve equation (29) for a non-zero width. We have constructed 
a P wave amplitude, characterized by a pole at v= 3.75 — 2i in the second 
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Riemann sheet corresponding to a resonance (see Appendix). It turns out 
that the trial form of the solution is very suitable. The numerical result is: 


E o 1 56.4 — 4y 


4).65.4 — 8y ‘ 


This should be compared to: 


i) the case of zero width which gives a factor 


35 — 4y 
41 + 4v 


ii) application of formula (31), taking the exp [o(2)| corresponding to 
the actual width: 


51 — dy 
58 + 5.7v - 


All these solutions have the same qualitative behaviour. As could be expected 
formula (31) gives an intermediate result between the exact solution and the 
limiting case of zero width. 


62. Possibility of more refined calculations. — One of the difficulties of the 
present calculation is that when the previous approximation is abandoned, 
the kernel N(», »') is given as an integral over z (Eq. (25)). For special forms 
of the factor exp [— 0(2)] the integral can be performed. 

We have already given in (32) the very simple form of this factor for the 
case of zero width. More generally we have checked on the case of non zero 
width considered in Section 61 and in the Appendix that a linear form 


exp [— o(2)] = 1 —2/x 
can be used for — 20 < 2< 0. 


Let us compare the integrands of Æ(r, 7’) and N(v,v') which are then 


respectively 


and 


the last one can be written 


lim 


y co 


e 3 ic El A(y', 2) 
ae j 


a(v — 2) 
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so that the connection between AK and N is just 


(34) aN(v, v') = lim [vK(v, v')] + (x — ») K(, 7); 


K can be directly computed in the form (14): 


3[, @+ Dr + 2+) 


(35) Ko, r')== eae 
y+ 1 (vy + 1)(v + 20+ 9)?— ov + À) Le Vv +1(v + 2v+4) + V9 — à) 
co LT v(v + 3)? Jv + 1(v +2 +7) —Vo(v +38) 


then since lim (vK(r, v')) is independent of »’, one can write the integral 


poo 


equation as: 


(36) Biv) = Bla) + 


7. — Concluding remarks. 


Starting from the Mandelstam representation of the matrix element for 
photoproduction of pions on pions, we have derived an integral equation for 
the J— 1 reaction amplitude. Under the assumption of a sharp resonance in 
the J=1 T=1 x-x scattering, we have given explicit approximate forms of 
the solution which exhibit the same resonant behaviour. By inserting in the 
Mandelstam representation this result one could estimate the J=3 state 
contribution and see if the approximation made in going from a two dimen- 
sional representation to a sum of unidimensional representations is justified. 

We have already noticed that the solution contains an arbitrary multipli- 
cative constant which cannot be determined in a theoretical way in the pre- 
sent approach. On the other hand, the validity of this treatment certainly 
breaks down for total c.m. energies appreciably larger than 4. 

The knowledge of this amplitude and of the pion pion amplitude permits 
to determine explicitly, within the same framework, the Compton effect on 
pions (*). This amplitude is also needed in order to apply the Mandelstam 
treatment to photopion production on nucleons and, then, to Compton scat- 
tering on nucleons. 

Our calculation also indicates a possible enhancement of the three pion 
contribution (1?) to the isoscalar part of the nucleon form factors; one cannot 
trust very much this indication since here we are dealing with a real photon. 


(*) This result will be published later. 
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We have indicated a way of determining the unknown factor in the solu- 
tion by extrapolation of the cross-section for double photoproduction; the 
measuring of these cross-sections is certainly very difficult since all the kine- 
matics must be obtained from the final products of the reaction, the energy 
of the photon being unknown. Another way would be to extrapolate data 
on single pion production by a pion in the Coulomb field of a heavy nucleus; 
but then the recoil is difficult to measure; it is better (1°) to use both a Z? 
effect and angular correlation effects to isolate this phenomenon. 


* * * 


We wish to thank Professors M. Cini and S. FUBINI for many useful sug- 
gestions during the course of this work and Professor B. FERRETTI for a fruitful 
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One of us (M.G.) would like to thank Professors C. J. BAKKER and M. FIERZ 
for hospitality at the CERN Theoretical Studies Division and the French 
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APPENDIX I 


We assume a J=1, T=1 monotonous phase shift, with a single resonance, 
such that 


6(v) — const v? for » +0, 
in — 0(v) |< const y-? for vr > + co, 
then 
P [ d(x’) dr" 
o(v) = 1 v'(v'— ») 
0 
is such that 
J F6") dr for y — 0 
y — 3 
o(”) = Y Al ye 


0 


o(v) = const — logy for y + co. 


The quantity 


8 


exp [o(r) + i5)] — exp let) — 6011 à, 


y + Vo 


V+ Vo 21 J 


je Lo(v)] sin d(v)dy _ 1 [ 


0 
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can be evaluated by contour integration (Fig. A1) of the function 


1 : 1 pats 
PATES Ph (v'— 2) | ? 


0 


it is equal to 
Fig. Al. | x exp [o(— vo)] - 


In the special case of zero width resonance at v= vr 


exp [e] = |, 
and then 
È: Lo) sin 66) Me 
J y+ Vo Va +{%o 
and 


(cel 


Jexr [o(v) | sin ô(») dy > ape 


0 


We have built a model of scattering amplitude with non-zero width of the 
resonance such that exp [o] could be evaluated easily. It turns out that the 
minimum number of poles needed in the S-matrix is four if one wants to re- 
produce the features indicated at the beginning of the Appendix. One gets 


(21 +K,— Kb} 
(Ko +») (Ky — in/v) [DL — iv») +6] 


exp [id] sin ò = 
With the conditions 


20 Ky K, = (K,— K,)(I? + vr), 
By hee 03 


The only pole of exp [id] sin 6 in the first Riemann sheet is » — — Kî, it 
has no zeros except at »=0. Therefore the quantity 


co 


d(v) d | 
ies "| [ie K?] exp [id(2)] sin 6(z) 


IT 
0 


2 
© 


(2)? exp | 


is regular in the whole 2 plane, real along the cut 0 — co, and has a finite 
non zero limit as |¢|— oo. It is therefore a real constant. 
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Finally 
K. 72 
exp LG) = 5 + va) |/ Kit» 
Ko di (KY + ») (1? + vx —v)? + 4D] ai 
K K ary 
exp [o(»)] == (I? + PE or 
; Ar ae pes cale) 


The parameters used in Section 6'1 are: 
ve=4, P= 0,55 (DD, K,=2:990., 
This corresponds approximately to the case 


Re 06-33 


in Frazer and Fulco’s notations (4). 


APPENDIX II 


With Va —1.7375, F= 0.25, K,=1.12, K,=1:62, ‘corresponding to the 
new data of FRAZER and FULCO (4), we get: i 


_ 34—4.34y 
MERCE AE TOR 


This solution is extremely close to the approximate solution obtained form 
eq. (31). On the other hand the approximation « cos ÿ— 0» is much better 
justified in the present case. 


RIASSUNTO () 


Si calcola la fotoproduzione di pioni su pioni per mezzo della versione di Cini-Fubini 
della tecnica di Mandelstam. Il problema è ridotto alla risoluzione di un’equazione 
integrale di Fredholm contenente una costante moltiplicatrice arbitraria che potrebbe 
essere determinata per estrapolazione delle sezioni trasversali sperimentali. Col pre- 
supposto di una netta risonanza pione-pione deriviamo soluzioni approssimate che pre- 
sentano lo stesso comportamento di risonanza. Questi risultati saranno fra poco appli- 
cati allo scattering Compton su pioni e nucleoni e alla fotoproduzione su nucleoni. 


(*) Traduzione a cura della Redazione. 
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Uniqueness of the Orbital Angular Momentum Operators. 


J. S. LOMONT 
IBM Research Center, Yorktown Heights, N.Y. 


H. E. MoSsEs (*) 


Institute of Mathematical Sciences, New York University - New York, N.Y. 


(ricevuto il 30 Dicembre 1959) 


Summary. — In a separable Hilbert space in which the three Cartesian 
coordinates form a complete set of commuting variables, it is proved 
that Hermitian operators which satisfy the commutation relations for 
the angular momentum operators are unique within a unitary trans- 
formation. 


1. — Introduction. 


The question of the uniqueness of quantum mechanical operators is a 
problem of long standing interest. DIRAC has shown (!) the uniqueness of the 
linear momentum operators in the following sense. Let LZ, be the Hilbert 
space of all square integrable complex functions of three real variables 21, 4, a3, 
where — co< a, %, %<oo. Let q= (91) 9», 4) and p=(p,, Pr; Ps) be self- 


(*) The work of H. E. M. is sponsored by the Office of Ordnance Research, U.S. Army, 
Contract DA-30-069-ORD-2154. Reproduction in whole or in part permitted for any 
purpose of the U. S. Government. 

() P. A. M. Dirac: The Principles of Quantum Mechanics, 4th ed., Chap. 22 
(Oxford, 1958), p. 89. See also: H. WeyL: Gruppentheorie und Quantenmechanik 
(Berlin, 1928), pp. 83, 207; M. H. Stone: Proc. Nat. Acad. Sci., 16, 172 (1930); 
J. Von NEUMANN: Math. Ann., 104, 570 (1931); F. ReLLIcH: Gétt. Nachr., 107 
(1946); G. W. Mackry: Duke Math. Journ., 16, 313 (1949). 
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adjoint vector operators in L, defined by 


(1.1) qy(x) =  xy(x), pela, 
(1.2) py(a) = — iVy(a). 

Then 

(1.3) [g;, Prl.= 10 x ù j, k=1, 2, 3. 


Let p be any any other self-adjoint vector operator in L, satisfying 


jy Pal = ix 
(1.4) [q Pr] x 9 
(Di, Pil > 0 3 
Then there exists a unitary operator U which commutes with q and which 
transforms p into p 


(1.5) UpU-=p. 


The proof of the preceding statement depends heavily on the following standard 
theorem of vector analysis which can easily be proved by a Fourier expansion. 
Every vector field f(x) satisfying the relation p x f(x)=0 has the form 
f(a) = py(x), where g(x) is a scalar field. This article will be devoted to proving 
a result for the orbital angular momentum operators which is analogous to 
Dirac’s result for the linear momentum operator p. The proof will depend 
heavily on a result analogous to the standard theorem of vector analysis stated 


above. 


2. — The Theorem. 


We shall retain the notation introduced above and define the orbital angular 


momentum operators L= (L,, L:, Ls) by 
(2.1) L=gqxp.- 


These operators satisfy the commutation relations 


(2.2) (gi, La) = 9, (j =1, 2, 3) 
(2.3) [qi Lk [qe Ly] = ig (cyel.) , 
L (2.4) EU al: . 
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We shall show that if L is any other self-adjoint operator satisfying 


(2.5) las LA 20; G=1,8:8) 
(2.6) (a1, Le] — — (qu, Ti] = is (eye), 
(207) LxL =iL, 


then there is a unitary operator U which commutes with q and which trans- 
forms L into L 


(2.8) WLU ELLE 
To show this we note first that 
(2.9) fy, LiSLi= 0 (j= 1,2, 3) 
so that L— L is a function of q, 
(2.10) L—L=f(q), 
Rince*d;; do es form a complete set of commuting variables. Substituting 


L=L-+f(gq) in (2.7) we find that f must satisfy the condition 


(2.11) [Ls; fs(q)] — Ls, fo(q)] = if.(g), (cyel.) 


which can also be written as a set of first order partial differential equations 


(2.12) L(x) x f(x) = if(x) , 


where L(x)=—ixxV. But, as is shown in the Appendix, every f(x) satis- 
fying (2.12) must have the form 


(2.13) f(x) = L(x) p(x) 


where v(x) is a scalar field (?). Equation (2.13) is the analogue of the standard 
theorem of vector analysis quoted earlier which was used by Dirac in proving 
the uniqueness of the linear momentum operators. From (2.13) we see that 


(2.14) fq) p(x) = (L(x) p(x) p(x) 


= [L(x), p(x) | p(x) 
= [L, (q)] v(x) 


(2) ac fact that every vector field of the form (2.13) satisfies (2. 12) follows trivially 
rom (2.4). 
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so that 

(2.15) f(q) = [L, ¢(q)] 

and 

(2.16) L=L+[L, g(g)]. 

We note that 

(2.17) [[L, ¢(@)], v(@)] =9, 

since any two functions of qg commute. Hence 

(2.18) exp [— 9(g)] L exp [g(g)] = L + [L, p(g)] 
—L. 


If L is to be self-adjoint, then f(q) must self-adjoint. If we write 9(g) = 
= X(g)+in(g), where y and 7 are self-adjoint, then f+(q)=f(q) implies 
[L, x(g))=0 and i[L, 74(q)|=f(q). Hence we have 


(2.19) exp [— in(q) | L exp [in(g)] = L 
so we can choose 


(2.20) U= exp [in(q) |. 


3. — Relation between L and p. 


Dirac (1) showed that 
(3.1) P=p+(p;¢(q)] 
so we see that 
(3.2) qxp =L+[L, (q)], 


which is the L obtained by putting y=. Hence the arbitrariness in the 
choice of orbital angular momentum operators arises from the arbitrariness 
in the choice of linear momentum operators. 


APPENDIX 


It will be shown here that every solution of the equation 


(A.1) L(x)xf(x) = if (x) 
| has the form 
À (A9) fle) = L(x) 9x) . 
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To prove this we shall use a spherical harmonic expansion instead of a 
Fourier expansion as for the linear momentum case, 


(A.3) fix) = Le") Vint, p), (B= 9", 93", gs") - 


lm 
We shall now transcribe the analytic problem into an algebraic problem. 
Using 
(A.4) L(x) Yim =>» ba | bone RG , 


m' 


where L™ is the (2/+1)-dimensional matrix representing L(x) in the irreduc- 
ible representation /}, and letting 


1,1 

9; 

Uul-1 
(A.5) g? = 

A 
and | 

gi 
(A.6) g?= | gf 

gs. 
we can write (A.1) in' the matrix form 
(A.7) Diego = ge ‘ 
where 

0 iL — iL? 
(A.8) MY = | =a 0 ‘LY 
Rie FM 
is a Hermitian matrix if L is chosen Hermitian. 
If we let 
0 0 0 ye ae On; DE, 0 
(A.9) dg = 10 0 —5i], d= Y= LOUE Det Ne beso 0 OLS 
0 DI 0/. —4 0 0 0 0 0 

then 
(A.9a) xi 
(A.10) M9 = = lef, et oe 
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If we further let 
(A.11) LY = LV I, 
(A.12) £=leJ, 


where the J’s in (A.11) and (A.12) are unit matrices of dimension 3 and (21-+1) 
respectively, then we can write 


(A.13) MO G0.g, 


We now have M‘ in the desired from, and can easily determine its eigen- 
values together with the degeneracy of each. First we note that 


(A.14) M®=0, 


and subsequently consider only /> 0. From here on we shall drop the super- 
script 1. We note that z-+9 is the set of infinitesimal operators of the re- 
presentation 


(A.15) MOL, = Din Ole Ta 


of the three-dimensional rotation group. Since 


(A.16) (M, £ +f) = 0 


it follows from Schur’s lemma that when Z+Y is completely reduced, M will 
be diagonal with the scalar blocks on the diagonal corresponding to the three 
irreducible components, 

Tu ’ i; 1 IGEA = 


Thus the corresponding three eigenvalues will have the degeneracies 21+3, 
21+1, 21—1. Since (LP HF) = L+4S+2L I 


(A.17) M=3}{(0+1I+21-(L+9)}, 


where I is now the identity in the product space. Since (Z + £) is a Casimir 
operator (the total angular momentum), its three eigenvalues corresponding 
to the three irreducible components Tg parare (ll) (442), L(L TR: 


‘(J—1)l. Hence the corresponding three eigenvalues of M are —1, 1, 


Thus we have the following table: 


Irreducible | Eigenvalues of M Degeneracies 
Components 3 
21 +3 
T — | 
n | 1 21 +1 
Pa Pisi 21— 1 
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So we see that (A.7) has (21+1) linearly independent solutions for each 
value of J. 
If we now expand 9, 


(A.18) — pal DR mm 
Lm 
and let 
ph 1 
(A.19) yo — 
\ pl! 
pe 
(A.20) peu — vw |, 
Qh 
Le 0 0 
(A.20) Ades OT DO ME 
0 1e Mr 


We can write (A.2) in the form (dropping / superscripts) 
(A.21) At = y. 
If there is a solution © of (A.21) for every g satisfying (A.6), then there is a 


solution g of (A.2) for every f satisfying (A.1). We shall now show that 
this is so. 


Let 
PARO PIE. 
(A.22) AMS ALIA 
Lisa techies! Dadda 
Then (A.21) can be written 
(A.23) LAD = g. 


By using the commutation rules (2.4) we find that 
(A.24) MALA 


If we denote the first (21+1) columns of A’ by À, wy Ait We see from 
(A.24) that 


(A.25) M À; = ae À — DE 2, DIE) 20141. 
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By choosing L, diagonal it can easily be seen that the 2/+-1 vectors A at 
> J D gi ea 2 alt 


are linearly independent. Hence, b ; : 
: : nce, by (A.25) the 4’s are also a compl inearly 
independent set of g’s. Thus we can write ae goto 


26 WII 
(A.26) A! = (91) 92) +++) Yat+13 Yur Gas er Y21+13 Gry Joy oy ILE 


Let us now expand g in the above linearly independent set Qi, 9201; 


Fr 21+1 
(A.27) g= Y agi 
> i=1 
if we let 

"TE 
ils 
(A.28) Paga i , 
Co 1+1 
a\ 
(A.29) aday 
a 


we can write (A.27) in the form 

(A.30) g=}d'a. 
Combining (A.30) with (A.23) we have 
(A.31) A% = A'ü. 


Hence for every g satisfying (A.7) there is a ® satisfying (A.21) which is 


given by 


(A.32) Fe Be 


RIASSUNTO 4°) 


ano separabile in cui le tre coordinate carte- 
bili commutabili, gli operatori hermitiani 
atori del momento angolare, 


Si dimostra che, in uno spazio hilberti 


siane formano un gruppo completo di varia 
che soddisfano le relazioni di commutazione per gli oper 


sono unici in una trasformazione unitaria. 


(*) Traduzione a eura della Redazione. 
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A Free Nucleon Theory. 


R. L. INGRAHAM 
Dep. de Fisica, I.T.A., C.T.A. - Sao José dos Campos, S. P. 


(ricevuto il 2 Gennaio 1960) 


Summary. — A theory of the free nucleon quantum field based on the 
spin 3 wave equation proposed by Murai is given. Notable features 
are: 1) the nucleon field is an (8-dimensional) irreducible representation 
of its fundamental group, the 15-parameter group of all angle-preserving 
transformations of space-time; 2) in spite of non-vanishing mass this — 
nucleon possesses a new quantum number B., the invariant handedness; 
neutroa and proton can be distinguished by 6; = —1 and +1, and the 
charge operator can be introduced as the generator of the symmetry 
group Y'= exp [ix(8,+1)/2]}7; 3) the bare nucleon necessarily has a 
mass spectrum; mass is conjugate to another measurable length / asso- 
ciated with a nucleon, and states can be formed in which the unsharpness 
of the bare mass and of À vary in a complementary way. The relevance 
of this new concept to the physical process of measuring the mass via 
interaction with other fields and to the renormalization of this nucleon 
field is discussed. 


1. — Introduction. 


In this paper it is shown how a successful theory of the free nucleon (or 
& hyperon) quantum field can be built within the framework of the funda- 
mental group M, 15 parameter group of all angle-preserving transformations 
of space-time. No other assumptions are needed than that the nucleon be 
a spin } irreducible representation of this group. The starting point will be 
the spin 3 elementary particle wave equation proposed by Y. Murat (1). Murat 
had the brilliantly simple idea to derive elementary particle wave equations 
ee by writing the eigenvalue equations of the invariants of the generator 


(1) Y. Murai: Nucl. Phys., 6, 489 (1958). 
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algebra, which directly express this irreducibility (for the proper subgroup). 
Thus if M,,=M.,+ S,, are the generators of the group M (composed of 
orbital and spin parts, respectively) on the proposed irreducible field y, then 
the eigenvalue equations 


(1.1) Qo da Qy ’ Roy si Ry ’ Won = Wy ’ 
where Qor, Ror, Woy (algebraic expressions in the M,,) are the three invariants 
of the generator algebra, must furnish the wave equation plus perhaps some 
extra relevant information on the quantum numbers Q, R, W. For the par- 
ticular case of the proposed nucleon, the middle equation furnishes a first 
order wave equation, and the other two reduce to algebraic constraints be- 
tween the eigenvalues Y, R, W which can only be satisfied by a small set of 
irreducible representations (apparently only four, with R = + 9/8, + 27/8). This 
limitation of the possible irreducible representations which are allowed for a 
particle of a given generic type to a discrete (in fact finite and small) set is 
one of the attractive features of this fundamental group. Contrast it with 
the Dirac electron, for which the inhomogeneous Lorentz group L,,,, allows co! 
admissible irreducible representations (0< m?< co). This qualitative differ- 
ence in the structure is due of course to the fact that M is a pure rotation 
group, thus simple, while L,,, is not (the subgroup of space-time translations 


is normal in L;,,). 

A striking feature of this nucleon (and in fact, of any fermion field built 
within M) is that it has a new quantum number B.= +1, the invariant handed- 
ness, Which is a good quantum number in spite of the non-vanishing mass. 
Neutron and proton can be distinguished by their opposite (invariant) handed- 
ness. The charge operator can be introduced as the generator of one of the 


pair of one-parameter symmetry groups 
(1.2) prexpliaQalp, | Mie —. 


Similarly the baryon number is obtained as the generator of the phase trans- 
formations y — exp [iz|y. Thus the rôle of the nucleon isotopic spin t, is here 
played by (3)f,. An analogous way of introducing the charge in nucleon 
theories built up more or less ad hoc as pairs of Dirac particles has recently 
been suggested (?). i 

Our aim in this paper is to show how the nucleon quantum field is to be 
built, using the c-number wave functions which satisfy the. Murai wave equa- 


(2) F. Gürsey: Nuovo Cimento, 7, 411 (1958); V. AMAR and M. PaurI: Nuovo 


Cimento, 13, 1290 (1959). 
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tion. One cannot simply use the usual formalism because here we deai with 
the angle, not the metric, geometry of space-time, hence invariants must be 
formed with respect to the bigger group M, not just its subgroup L,,,, integrals 
in the 6-dimensional space must be over certain angular regions, and so on. 
For instance, the basic angular Gauss’s Theorem allows the generators of the 
unitary transformations on the state Hilbert space induced by the total sym- 
metry group of the theory to be expressed as certain integrals over the sur- 
faces f:time = const. via an action principle. These are the conserved quan- 
tities of the field: the generators of space-time translation and rotations are 
the total 4-momentum and angular momentum, respectively, while the gene- 
rator of one of the groups (1.2) is the total charge. We thus arrive at a theory 
reproducing all the features of free nucleons, but what is more, a) this nucleon 
is an irreducible representation of its fundamental group; and b) this fun- 
damental group refers only to transformations in space-time. 

This theory forces a reappraisal of mass. One can, if he desires, restrict 
the present theory of a free nucleon to a single mass, which can be identified 
with the conventional « bare nucleon mass ». But it is possible, by using the 
complete set of nucleon modes, to form states in which the nucleon mass is 
in principle not sharp. Formally this results from the presence of a funda- 
mental length 2 which, in a nucleon theory, must represent some measurable 
length associated with a nucleon. The mass M and 2 are conjugate, so that 
in states for which M is more or less sharp, À is more or less indeterminate, 
and viceversa. Section 3 is devoted to a discussion of this idea. 


2. — The free nucleon quantum field. 


The equations (1.1) are equivalent to the first order wave equation 
0 0 A 
Ro, Y(X) = Ry(X) ? Roy = 58, (S" MU, + "i 


written in terms of the six homogeneous co-ordinates X“ (u= 0, 1, ...,5) (3) 
and the algebraic constraints 


GAI Q= (GP) în W=30 +. 


(°) Greek indices will always go from 0 to 5 and refer to the six homogeneous 
coordinates Xx". Middle latin letters I, m,n, p,... go from 1 to 4 and are space-time 
indices. The space-time metric g,,, is chosen 911 = 9225 Jss= —Ju=1, IGmn=0 (mn). 
The nonprincipal axes form for the coordinates X°, X5 in (2.3) is chosen advisedly for 
mathematical convenience. Thus for any 6-quantity A”, 4,— A? Q= 1,273), 4, AS 
A,= — 45, A;= — 4°. The practice, frequent in the literature, of ignoring the dif- 
ference between contravariant and covariant indices will in this case result in instant 
and total confusion. 
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= 


The latter equations give R= 42 or + 27 
orthogonal er : ne. E 8 OF 1g ('). Here the group M is the 
5 group preserving the fundamental form 


(2.3) n ig CD LR RE ed 


where (m,n = 4) (3 Ne ar i i 
ie (m,n di .-- 4) (*). We are concerned with six 8x8 matrices 6, satis- 
fying the anticommutations law i 


(2.4) B,B, + B,B, =a 5) 5 


with Br ob ++ Bs = iPoPsP1PsBsPs1 which satisfies {8,,8,}=0, B?=1. $, 
and M,, are the spin and orbital parts, respectively > 


3 0 1 a oh a. 
ar M,, = 6 Vi 
(2.5) Uy =| Keage ap): Bu 5; Bub 
of the total generator 
(2.6) M,=M,+8, 


for the nucleon field y(X). Note at once that since $,, and thus AR, are of 
even degree in the f,, the theory admits the symmetry y— By. One intro- 
duces the inhomogeneous co-ordinate # (*) and 4 via (?) 


a Xm Hl Xe 
(2.7) sd 5 (915 A?) = i (whence g,)X"X” =— (X°)'A2). 


(4) x will often stand for x” in what follows. Also, we reserve the inner product 


notation 22, pr, etc., exclusively for 4-inner products: ©? =9mnt"4", ete. 
(5) The dimensions of the X” are [X°]}=L!, [X"]=1, [X*]}=L. This is because 


(*) Xe — RS QE X'm — xm, X's = wx? A 


is the 6-rotation induced by the dilatation (change of the length unit) æ'"=ux", A’ =A; 
u=const > 0. It is superfluous to insert 1, and [> factors (4, an arbitrary length) into the 
right members of (2.7) as is done in Ingraham, ref. (11), or MURAT, ref. (!), in an attempt 
to make the X «dimensionless ». For since the subgroup (*) is in no way deleted, 
the X continue ipso facto to have the dimensions given above. Another way of seeing 
this is that with the length factors inserted, only the combinations «”/l, and A/l, ever 
occur in the theory, i.e., just the coordinates x" and À defined by (2.7). Apropos of 
this question of forming dimensionless quantities: any 6-tensorial form-invariant is 
automatically dimensionless (in spite of the mixed dimensions of the X” !) simply because 
it is invariant-in-form under all M-rotations by definition, and changes of the unit of 


length are included in MW as the subgroup (*). 
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If we assume that p(X) is homogeneous of degree zero in X", i.e., functions 
of x and À alone, solutions of (2.1) can be obtained in the form (:) 


(2.8) pla, À) = U(2)(f+(2)2-+f-(2)2-)0(2), 
where 
(2.9) U(a)=1—1faf;, U-(a)=>14+3Baf; 


is a space-time dependent spinor transformation of great importance in attri- 
buting correct momentum and energy to the field (Section 4); f,(4) are purely 
A-dependent operators defined by 


(2.10) f(A) = APL FT, (#A) Qi + (—1) #19, (x0)@}; 


vy, =+4R+},  x=inverse Compton wave length of the particle, 


where Q, and QY, are the orthogonal projections 


(2.11) Qe= 3 Bobs su = 2PsBo 5 
2. are the orthogonal projections 


pae 


n 


“a 


(2.12) Q.. 


and finally w(#) is any spinor solution of the purely space-time dependent 
Dirac-type wave equation 


lo 
(2.13) (0% + x) œ(t) =0, M=; (a +30). 


The mass operator M has the properties 
(2.14) AR Lie M°=-x. 


Note that this wave equation admits the good quantum number B=+1 
for ©(2). E 


To solve (2.13) write w(a) = w(p) exp [ip#] and iterate the operator ipp+M, 


(°) Murat, loc. cit., pp. 497-499. Murai’s 6, and co-ordinate r are our Bo and co-ordi- 
nate À respectively. Set J, >1. 
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using (2.14). We get eight elementary wave functions w‘(p), v°(p) defined by 


(fp + M)u(p)=0 (—ifp+ M)o(p)=0, p=V/p?+2> 0, 


Pu = au*, fp? = av 5 (GEL) 
2.15 i r 
(2.15) | s\(p)u,=— = 4u,, spo = > V- (r= +1), 
» s-p ‘tee : 
86) = —— sr 5: Bobs and cyclic . 


pl” 2i 


For each mode p there are the usual quantum numbers of the sign of the 
energy and the longitudinal spin, and in addition the new quantum number $', 
the invariant handedness. These solutions are constructed conveniently in 
terms of the three mutually commuting pairs of orthogonal projections 


Bo M + x 
(2.16) A:(p) = + iBpM + x? 


si 


1 eer] 
ZA ESP) ST Of = Ae 3 


G 9 ? aie E 
2x? 2 2 


The unconventional (compared to electron theory) form of the projection A,, 
quadratic in the mass, comes from the circumstance that here Bp and M anti- 
commute rather than commute. The unnormalized elementary solutions are 
then 


(2.17) up) = A-(p)Z-(p) Qa, dip) = Ar(p) ZAP) QI, 


with x and y arbitrary spinors for each mode (p,r,a). The normalization 


will be made later. 
Provisionally we shall define the neutron-antineutron field y, and the 


proton-antiproton field y, by 


i —§,+1 
(2.18) (eS Jr, = 2. Yo = Yr» | Zs Je, = Oa Ye . 


Thus for the quantum fields with mass x (units #=c=1) we have 


yp = Ua) Nf. (0,0), 
2194) lot —() 5 (Z) Lu exp Linea? wr op) exp (— ino (PT 
and 

Wn == U(æ) WN (x) f_(A) On(®) , 
219) | 0,0 = (5) 2 I [us p)exp Léperlar (p)-+07 (p) exp pal (p)*] 


where N(x) is a normalization to be determined later. 
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Thus for a given À, y, and y, define two equivalent 4-dimensional irredu- 
cible representations of M,,,,, the proper subgroup of M (7). They are irre- 
ducible since we know that there are no irreducible spinor representations of 
M, of dimension less than 4, and equivalent since they possess the same set 
of invariant eigenvalues Q(R?), R, W(R?). The irreducible representations of 
M. occur in pairs (Q, +R, W) for R #0, as is the case here, because R,, 
is pseudoscalar whereas Q,, and W,, are scalar. Thus for — À we get another 
pair of equivalent 4-dimensional irreducible representations of M,,,,, and 
neither of these is equivalent under M, to either of the pair (2.19), since the 
eigenvalue sets of the invariants are different. Now we can build an irredu- 
cible (8-dimensional) representation of M by forming the direct sum of 
y,(—|R|) and y,([R|). This is indeed a representation of M, for under any 
improper transformation of M, R->-—R and f,->— f, so that, bearing (2.18) 
in mind, we see that {n, 7} and {p, p} fields are simply interchanged. It is 
irreducible since 8-dimensional. This field, which furnishes an irreducible re- 
presentation of M, we call the nucleon-antinucleon field for the mass x, y. 
In virtue of 


(2.20) {fe = (fe(A}_2 


it becomes 


y = U(x)g(l)o(x) 
(2.21) ei SO 
(x) = (7) D (*) [ur(p) exp [ipx]ar(p) + vi(p) exp [— ipa] bi(p)*], 


(2.22) g(A) = N(x) { fA) bene = NAT, (42)Q + (—1)"*Ad, (xA)Q:}. 


For notational simplicity the index p in u%(p) and a%(p) ete., may be under- 
stood to include the momentum p and the mass x. 

The complete nucleon-antinucleon field Y should be a sum of these partial 
fields over the allowed mass spectrum x; (è = 1, 2, ...) (see Section 3 for a 
discussion and justification of this point). For reasons which will emerge later 


we choose the irreducible representation with |R|— 2% to represent the nu- 
cleon: 


(2.23) vas, vd (R 


I 
(74) =) 
x 


(7) This discussion always referes to the c-number fields, i.e., the amplitudes of the 
quantum field. 
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and choose the mass spectrum and normalization N(x) to be as follows 


Ji(x;l) ES zi >0 (j=1, 2 FRA 


NV = | 
(ci) fa 


(2.24) 


4 


? 


where / defines the range of 2: 0<A<l. Thus the complete nucleon field is 


(2.25) P= Sy, 

with 

2.2 e arf. 190 — ATEN: 
(2.26) 9 = |p gy] FILO — AI HAVO 


Adjoint. — With A the negative hermitizing spin operator 
(2.26) Ap Ase = Bye A = A; 


we form the adjoint (8) y= y*A. We shall need the behavior of the various 
spin-operators introduced up to now under hermitian conjugation : 


BIA= AR, MtA=—AM, 
(2.27) Alpes AA, (py) A = AZ, OMAN, 
Q'A—AQ,, QA=A@:. 


Then it follows 


(2.28) p = O(a) MAL +4aP;) = ©(2)h(A)U (2), 
with 
(2.29) RA) = N(x)A? {Jo(%4) 2 — 2I,(x4) Qi} 

, and 


(2.30) ala) = (7) (=) Lip) exp [— ipalat(p)* + 97.2) exp [ipa] dip) , 


: i * D — v* 
with u=u*A4, v=0*A. 


(8) The star * means hermitian conjugate for the operators of the quantized field 


and complex conjugate for e-numbers, spinor amplitudes, and so on, 
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Normalization. — The basic spinors u°(p) and v,(p) in (2.21) are orthogonal 
and understood to be normalized as follows 


(23311) uzut = +1, D VE SARE 


These are for a given p and x. This normalization may be attained as follows. 
For a given mode p and x, with p aligned along Oz for convenience, start by 
defining 


(2.32) “t= AX Dye 
and choose the spinor x and the sign of A such that w7u*—-+1. Then define 
successively 
EMA ES 2) 
ut = pi, P=Po—3P;, 


(2.33) u, = Pu}, (= +), 


ea V5 = 1P1PoPsPa , (f=t,a=t+) 


That these basic spinors have indeed the proper quantum numbers indicated 
and realize the normalization (2.31) can be proved in the usual way (°) by 
making use of the commutation properties of these spin operators with the 
basic projections and of their behavior under hermitian conjugation. The 
pattern of sign in (2.31) is unique = + for instance, having chosen 
utut=+1, it is impossible to attain also uu-=+1. 


3. — Mass and the physical meaning of À. 


The preceding solutions for the wave functions show that the new co-ordi- 
nate À and the mass are conjugate in the usual sense (1°). 

A is a freely assignable length, that is, a coordinate with the (one-dimensional) 
domain of all lengths lying in the interval (0, 1). (1 might possibly be co, whence À 
would have the domain of all lengths.) It is in no sense any particular, fixed 
invariant length in conformal physical theory. Now each mode in the plane 
wave expansion (2.21) possesses a definite, sharp value of the mass, x. Hence 
the distribution in 2, (2.26), is as broad as it in principle can be. We mean 
this to be precisely analogous to the p, x conjugacy: the 4-momentum of each 
mode in (2.21) is perfectly sharp, hence the position of the quantum in space- 


(9) See J. JavcH and F. RoERLICH: Theory of Photons and Electrons (Cam- 
bridge, 1955), Appendix A2-3. 

(°) This idea is already implicit in the theory of reference (3) and has also been 
expressed by Mural in a letter to the author (June 1959). 
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time is as indeterminate as it in principle can be. However, due to the quali- 
AUS difference between momentum and mass, the bones possible distri- 
butions in position |exp [+ ipx]|?=-1 are completely uniform, whereas the 
same thing in 4, J{,(~A), show gentle maxima in the region i and go 
to 3950 slowly as #1 — oo. We can understand this simply by observing that 
ordinary space is (for a free particle) completely homogeneous; not so length 
space, which shows definite inhomogeneities, definite landmarks, due to the 
existence of important invariant lengths in nature, such as the Compton wave 
lengths of the various elementary particles, etc. 

It might seem tempting to restrict our quantum field to a single mass 
mode x, say. However, this does not seem natural to us for several reasons. 


1) A realistic use of free particle theory makes use of wave packets, 
more or less localized in space, hence with an inevitable spread in momentum. 
Now it might be physically possible and desirable to form a wave packet also 
in length space, which would mean some more or less sharp localization of the 
measurable length À associated with a nucleon. This would require a spread 
in x, that is, a particle mode with no precise mass. Similarly we might expect 
that interaction with other fields, which destroys the constancy of the 4-mo- 
mentum of a particle, would if Z-dependent likewise destroy the perfect con- 
stancy of its mass. 


2) The connection of x (defined for a real free nucleon of 4-momentum 
Pm by p?+x?=0) with its observed mass M, seems not entirely clear. For 
experiments which result in a measurement of elementary particle mass usually 
involve interactions with external fields (localization of the particle in space, 
i.e., the formation of a tight wave packet, in particular requires such strong 
interactions). For example, in the mass-spectrographic method of determin- 
ing My, there is the comparatively weak interaction with an applied E.M. 
field and strong interaction with emulsion molecules. Thus the act of measur- 
ing the mass would introduce other values x # x by « scattering » in length 
space if either the external interacting fields were j-dependent or if the act of 
measurement implied forming a wave packet in length space. What seems 
to be needed is a careful Bohr-Rosenfeld type examination of the physical 
process of measuring elementary particle mass, with the aim of discovering 


whether there is any measurable length attributable to the particle which 
served mass is known, and 


becomes more imprecise, the more precisely the ob 
n how, in virtue 


vice-versa. The big mathematical problem is then to explai 
of external interactions, only the real nucleon modes with x = M, result oc- 


cupied. 
3) The usefulness of a bare particle mass spectrum in taking into 


the interaction of the nucleon with the virtual quanta of the various fields 
to which it is coupled seems fairly clear from the example of the theory of 


account 


& 8 - Il Nuovo Cimento. 


114 R. L. INGRAHAM 


regulators. This «taking into account» we may call «renormalization » for 
this theory (although it may differ qualitatively from the renormalization of 
the usual theories). Whether the so renormalized theory should still admit 
a (real) mass spectrum, as assumed in point 2) above, or contain only the 
single, observed mass My, is an open question. ; 


Summing up, we can say the following. The fundamental group M allows 
us to treat particles whose mass can be unsharp, and provides a definite for- 
malism for treating this problem in which, analogous to p, # conjugacy, there 
is a x, À, or mass, fundamental length, conjugacy. The complete equivalence 
of momentum and mass, which would be physical nonsense contradicting 
experience, is not asserted —the theory shows a qualitative difference between 
the two which comes down to the fact that whereas ordinary space is to be 
idealized as homogeneous, length space is not. 


4. — Total energy, momentum, angular momentum and charge. 


Consider the action integral 


(4.1) Ì -faoe, L =—P(R.,— BR), (R> 0). 


ola 


We integrate over a solid angle region in the 6-dimensional space, the element 
of solid angle being 


| 10 = VP oies XUAN DAI, 
(4.2) 


Cur 


ls 2m, guenti. 
ge XXE 


(This corresponds exactly to integrating over some ordinary region of the 
inhomogeneous co-ordinates è”, À and in fact dQ — 2° dd.) dQ is solid 
angle with sense, thus a pseudoscalar. Since £ is also pseudo scalar, I is an 
invariant. Variation of Y will give the nucleon wave equation 


(4.3) RE RP (R > 0) 


which is verified for both the neutron (PS (—IR), #,=—1) and proton 
(PUR), B; =+1) components of Y. £ being hermitian, the adjoint equation 
will be consistent with (4.3). 
We want to formulate the constants of the motion of the total field as 
the generators of the unitary transformations induced on the state Hilbert 
space by the various symmetry transformations of the theory. If SY = 
= 'P'(X)—¥(X) is the formal variation in Ÿ due to one of these symmetry 
transformations, it is shown in Appendix I via an angular Gauss’s Theorem 
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that if the field equations are satisfied, then 


| 3/202 — ry — PW, 


| F(f) = | df; X, Pp, GPO SW, 


fi 


where f and f, are certain bounding surfaces defined there, which can be taken 
to be two surfaces 24— const. in particular. By an action principle we pos- 
tulate that the corresponding infinitesimal unitary transformation U(f) on the 
surface f is just exactly 


(4.5) U(f)=1+iF(f). 


The normalization of Z has been chosen accordingly. If the variation is due 
to the 6-rotation 


(4.6) XX" +, X, e,(=9,e,) ——e, real, infinitesimal, 


the variation is $Y = (i/2) M,,e“"P with M,, the total generator (2.6) cum (2.5). 


uv 


Writing F(f) = (1/2).#,,e" in this case, we get 


(4.7) Muy =| Ate X PB iM, Ÿ . 


F 


These fifteen .#,, must then represent various dynamical constants of the 
motion of the total nucleon field. 

To identify these we must simply see to what 6-rotations the familiar space- 
time transformations correspond. From the connection (2.7) of # and À with 
the X” it follows that the infinitesimal space-time translations, Lorentz rota- 


tions, and dilatations, respectively 


no, ASA, 
(4.8) n hm, ar, VAI ban = li; 
pie + cn, À'=2+ eA 


are represented by the infinitesimal 6-rotations e“, with 


: | : 
translation: e =a", other e“, zero. 
(4.9) rotation: ue Due, » Er 


dilatation: € ——0€, » » » 
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Here «other e“, zero» means that the other e“, independent of the specified 
ones vanish. For instance, for the translation subgroup e°n = Ynm£”o = An Sil 
and so on. (4.9) shows clearly the convenience of the non principal axes fun- 
damental form (2.3). Hence .#,, and Ann generate translations and rotations 
respectively and should be equal to the total 4-momentum P,, and total 
4-angular momentum J,,, of the nucleon field: 


(4.10) Ea = M sm ’ dan == Min . 


We start by proving the first equality. 
In the integrand of ./;, we encounter terms like 


O 0 
i(Msm + Ssm){ U(x) g(A) o(a)}. 
The action of the orbital parts M, on functions of x and À is given by 


0 O 
CMmn®® = Lm di — Ln oe tMinnd = 0 , 


m 9 


0 
| i Meme” = — 6°, iMemd = 0, 
(4.11) aes | pe 
VMom®" = Om — Om (a? ae A?) , t Moms = Lind ; 
. 0 D 
Mo 2" = gm, Mara 


From (4.11) and the commutation properties of the f, the important com- 
mutation relation 


0 
(4.12) UM sm + Ssm) U(e) = (- a += Ps Be) U(x) = U(x) —, 
can be proved. Thus the spin part cancels out entirely and since also 


(4.13) 


lo) 
dem? gd] = 0, 


it turns out that M;, is the expected differential operator (— 1/i) c/ex™ on 
the #-dependent part of the «renormalized » field w(x). This obviates the dif- 
ficulty of the apparently anomalous «translation spin » (). Thus we get 


\t 


ue fe, (0) AU (er) Xa BOT (og AP (— (0) 
isj apm DN ee 


(4!) R. INGRAHAM: Phys. Rev., 106, 595 (1957). 
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From now on for simplicity we treat only the component y belonging to the 
mass x and at the end add up these separate contributions. The different 
modes x; never interfere because of the orthogonality of J(x;4) and J,(x;A) 
and of J,(x;4) and J,(x;A) when x; xl are positive zeroes of J,(z) as required 
n (2.24). Now for the surface f: x4= const. it is shown in Appendix IT that 


2 
(4.15) dfs 0x) X, PE U (a) = — d°ad7 4-4 (a — a 8 3 
When this is substituted into (4.14), we get the following expression 


2 À? 
(4.16) h(2)B* (A, # sa 8. g(4) = B*h(4) (6, == ry i) GAs 


= asp LG + TRAY Ba : 


The last equality follows easily from the properties of the projections Q, and Q, 
(4.17) (RAA A Bs ’ 0100: = Bo ’ 


while all other products Q,8,Q;, Q:B:Q, (i, j =1, 2) vanish. The A integration 
can now be done. Because 


I t 


(4.18) fa A Job) DitxiA) =|AAAT (xd) dix) => 5 Titel) ds = NC da , 


0 0 


jar” applied to the right member of (4.16) becomes simply #*(M ) where 


“ is the mass operator, and we get 


(4.19) Min = fava D © a) B+ — ee RU 


= of 
do 


The plane wave expansions are now substituted. After x integration over 
the periodicity cube L* we are left with 


(4.20) M sm =~ > (4) 1D A {U(D )L*u(p)a a(p)* a(p) i 


— B(p)D'v(p)bp)b(p)}" + O(— p)T'!u(p)b(—p)ap) exp [2ip,x*] — 
_ ai p)I!v(plal p)* bp)" exp [— 2ip:2]}, 
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where we have set J*= Bi{M/x) and suppressed the spin and handedness in- 
dices for notational simplicity. «= eigenvalue of f, on the wave functions w 
and v. The sum is over p, Fi, 7», 4 and a= a. I has commutation pro- 
perties with the projections À, analogous to those of y* with the corresponding 
projections in electron theory. In fact it is easy to prove 

oe 
(4.21a) A pyr = I%A_ ip) + è se 
(4.210) A (ppl? = IMA (pi 


The u, v cross terms in (4.20) go out in the usual way; for example, using 
(4.215) we can write (for certain spinors x and y) 


o(— p)I*u(p) = yAs(— p) TA (px = yl As(p) A_(p)a = 0. 
For the remaining spin-scalars we can prove 


4 
(4.22) au (p) [us (p) = ast (p)L 0 (p) =— à () Or des 


using (4.21a). For instance ul, v/v involve the products A-(p)1A-(p), 
which can be manipulated as follows 


slim) Aso) = (mt 5 (2) 44, 


so that effectively the scalars -F i(p4/x) take the place of / in the respective 
spin-scalars. Together with the normalization (2.31) this proves (4.22). Putting 
these results into (4.20), we come out with 


(4.23) Min = X Pal Wild) + RAD) = Pa ‘Gane 
where 
(4.24) np) = ap)" ap), 9p) = PL) 


are the number operators for particle and antiparticle modes and the ordering 
convention on the fermion operators :bb*:—=—b*b has eliminated the minus 
in the antiparticle term. 

To show that we also a the correct ordinary angular momentum we must 
verify that M,; = M,;+ + Si; (è,j=1,2,3) has the correct commutation pro- 
perties with the spin-operators U(«#) and g(À). These can be shown to be 


(4.25) [May UG) = [Mi;,9(4)] =0. 
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o we can DSG a vs anaes for the linear momentum by simply re- 
p aging — 0/0e” by iM,,+i8,, in the formula (4.14) and the following. This 
obviously leads to the correct result, for instance, we get the longitudinal spin 
angular momentum of a single mode, S\(p) say, by the eigenvalue replacements 
Pn 7/2 on both modes «, and v, (remembering (2.15)). Hence from (4.23) 
we can write 


¢ \ VE ; Ny 
(4.26) S,(p) = > = (mrp) + nr p)) ’ 


which is just exactly the longitudinal component of the spin angular mo- 
mentum of the mode p (particle or antiparticle) with r= +1 signifying the 
the value +4 of this component in the direction of motion, q.e.d.. The con- 
stants of motion of the complete field are now obtained by summing the 
partial constants of the motion over the mass spectrum. 

The question of the physical meaning of the other dynamical constants, 
of the motion is an interesting one, still open at the moment. All of these 
Mon 200 AM; share with the orbital angular momentum L,; (4, 7 = 1,23) the 
property of not being sharp in a basis of plane waves. Just as .%,; is no actual 
angular momentum, but rather its time constancy enunciates a center of mass 
motion theorem, we expect that the four time constant -%,, will give some 
sort of motion theorem having to do with uniform acceleration. The most 
interesting new constant of the motion is perhaps the Lorentz invariant 450; 
the generator of the unitary subgroup induced by the dilatations. The dila- 
tation subgroup 


(4.27) oo Se, A = hs u= const > 0 


of the group M means nothing more or less than changes of the umit of length 
(say from cm to m). Any invariantly defined length, say the observed nucleon 
Compton wave length Zy, suffers the same transformation: À, = ui, on the 
dilatation (4.27), since it is just a particular fixed point À =’ in length 
space. By (4.27) all points À in length space suffer this transformation, thus 
in particular any one point À does so (12). We must emphasize that the notion 
‘ that (4.27) somehow means « actual changes of length » (whatever that means) 
and therefore is in conflict with microphysics since there exist fixed universal 
lengths in nature, etc., is not only superficial but wrong. Now unlike M,,, 


(2) Consider the analogous statement for ordinary space. If ro is any invariantly 
defined point in ordinary space, let us say the tip of the Eiffel Tower, then under 
the 3-translation r’=r-+a we have also ry=ro+a. For the first equation says that all 
points of ordinary space suffer this transformation, hence any particular point ro does so. 
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M,, acts without change on the inner fields g(Z)©(x) since 
(4.28) [Mso, U(æ)] = 0. 


The spin part acting on g(A) changes it into a similar Z-dependent operator 


since 


(4.29) Sco = 301, 1950 Q3 = —40@a - 


The orbital part iMo — x 0/0æ + 10/02 would be sharp only in a basis of ele- 
mentary wave functions homogeneous of some degree in # and 4. Our plane 
wave functions — 7%, ;(x4) exp [+ ipx] do not satisfy this condition. There- 
fore the physical meaning of .#,, could probably be found only if one could 
extract a set of homogeneous elementary solutions of Murai’s wave equation. 
It seems certain that the linear momentum would be not even nearly sharp 
in these modes. 


Charge and Baryon number. — Our Lagrangian (4.1) admits the symmetry 
group 
(4.30) w= exp [ial le, D'= W exp [— ia Q,] (x real) 


or bY = ieQ,Y with e real and infinitesimal. The corresponding generator 
is by (4.4) 


(4.31) G = | df. X, PB BB iO . 


The commutation of 2, with U(x) and the g(A) is trivial, so Q, acts directly 
on the space-time parts «(#) of the nucleon field, where it picks out the protonic 
component (a = +1) only. Thus we can take over the analysis given in detail 
for the linear momentum by making the eigenvalue substitutions 


i | tao Di | antiparticle 
m pat 1 J 


| particle mode, -@ = 1. 
Pin > 0 for the modes a— 1. 
This gives 
(4.32) G = > {ni} (p) — ai (py =Q, q.e.d. . 
pr 


() is just the nucleon charge operator in units of e (> 0) the elementary charge 
with the identification (2.18) of the {p, p} and {n, #} fields. The symmetry 
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| group of constant phase transformations 


1500 Y= explia]?, W'=exp[—ia]¥ (x real) 
dr ie (e real, infinitesimal) 


with generator 


(4.34) H(f) = | dfs X, VB, PUB ÈY , 


will likewise yield the baryon number 
(4.35) H = ¥ {ni (p) — 2; (p) + np)" (p}=N. 
pr 


The same idea of defining the neutron and proton states by the eigenvalues 
+1 of y; occurs in the Gürsey baryon theory. We want to emphasize that 
the extra symmetry (4.30) (i.e., besides the co-ordinate symmetry group and 
the phase transformations (4.33) always present in quantum mechanics) is 
an automatic feature of the irreducible representations of the group M, while 
this (i.e., with 8, > y;) is not so for its subgroup Li,n- One has to go to re- 
ducible representations of L,,, to secure this symmetry, except for the case 


of zero mass. 


5. — Various concluding remarks. 


If the above identification of the nucleon charge is correct, then the electro- 
magnetic potentials, properly phrased in the framework of the group M, would 
have to be coupled to the nucleon field with the factor 2, to guarantee the 
inertness of n and # under electrostatic forces. The magnetic moment of the 
neutron, as calculated in the c-number theory, would then also be zero. The 
M-covariant theory of the photon field could well be that given in reference (!*). 
Its interpretation as a «family of bosons » with spins 1 and 0 and a certain 
mass spectrum should be rejected in favor of the present interpretation of a 
single field, the photon field, with a bare particle mass spectrum. 

Granting the physical correctness of this identification of Q for the sake 
of argument, there is still the question of the proper correlation of f, with 
the neutron and proton. The opposite correlation to (2.18) is of course pos- 
sible. The resulting irreducible 8-dimensional nucleon field would presumably 


(13) R. INGRAHAM and J. Forp: Phys. Rev., 101, 1411 (1956). 
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not be essentially different from the one chosen because of the unicity of the 
8-dimensional irreducible spinor representation of M up to equivalence. 

The length J defining the range of 4, 0<4<l is a parameter about 
whose size we have at the moment no clue. If however, we keep it finite, 
hence treat a discrete mass spectrum, the pair of representations R = + 27/8 
seems to give a qualitatively different theory from the one with R = + 9/8. 
For since 4 = 2, y-——1 for R= 27/8, we are dealing with the Bessel func- 
tions J, and J,. In this case it is impossible to define a spectrum x,;l such 
that different modes J,(x;A), J(x;4), x; # %;, are orthogonal for both v= 2 
and 1 and such that also 


L t 


farce = GAA TE (x; À) (è = 3 2, SATA 


Thus we do not come out with a spin-operator oc M after doing the /-integ- 
ration in (4.16). The resulting new /* no longer has the simple properties 
(4.22), and as a result there is interference between the plane wave modes. 
This would seem to reject the |R| = 27/8 irreducible representation of M as 
unphysical, leaving us with the unique representation |R| = 9/8. 


Interactions. — Certain qualitative features of the interaction of this field 
with other M-covariant fields can already be seen. Consider the M-covariant 
photon field cited above (1%). The components there depend on 2 through 
factors J)(xA) and J,(xÀ) and the mass spectrum may be taken to be the same 
as in this theory. Consider interaction with the part oc J,(xA) to fix ideas. 
At the vertex of the elementary graph we should encounter the integrals 


œ 


furent = GJo(x", x", %) , 


0 


(5.1) 


(ce) 


| GA AT (2A) Ty (AIA) = gy (ze, x", x) . 


0 


(We have let 7 + oo, getting a continuous mass spectrum.) Then one can 
show 


(5.2) g(x", 2", x) = 0 unless |e-w|<u<x+w (p= 0,4) 


so that interaction with photon mass modes x is restricted to a certain finite 
range depending on the pair of fermion mass modes x’, x" in question. (In virtue 
of (5.2) the g, might be called « continuous Clebsch-Gordan coefficients »,) “In- 
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side the permitted range we have, for example 


= MISS) 


(5.3) Gol’, 2", x) = — [{e— (x! — e} {+ pe 2h] 
|e" — ae" |< we < oe’ x", 


so that there are resonances (infinite) at x —=|x’—x"| and x=%x'+%". At the 
end points there is the discontinuous behavior 


[ #0, sea dito, > (x! + oe") 
(5.4) 


Bee Mle | +06) x [ae He" 4 


The g, act like coupling constants for the purely #-dependent parts of the ampli- 
tudes. This for first order processes. For second order processes integration 
over the mass for internal lines must be performed, so that the overall second 
order coupling constant is not simply the square of any first order coupling 
constant as conventionally. I.e., a sort of theory of « coupling constants with 
structure », or «matrix coupling constants » results. 


APPENDIX I 


The angular Gauss’s theorem. Application to the action integral. 
The angular Gauss’s Theorem relates the integral of the divergence of a 


special kind of vector field over a solid angle to the integral of its normal com 
ponent over a certain curve bounding this solid angle. It is the following 


(A1.1) | e ee | di,V" . 
f 


A 


< al dita 
In this formula V” is a 6-vector homogeneous of degree +1 n XS 


Pee 


NA or SV); 


(A1.2) V,V’= 


S is the determinant defined in (4.3); and 


dQ — VS ne: Si US ene dz € y 


A.13) = Si 
| apn = VS Eumeord dé; eee dé, 5 
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where the dX# (i=1,..., 5) define the surface element of any 5-dimensional 
hypersurface A subtending the solid angle 2 and the dé Ces: 4) define 
the length element of any 4-dimensional « closed hypereurve » bounding the 
solid angle Q. 

Rather than prove this theorem in 6-dimensions we shall state it in its 
form for ordinary 3-space and indicate the proof thereof. The theorem reads 


(A1.4) faorv:(È) ne Jr. 


re r 
A 


Remember that V must be homogeneous of degree +1 in r. A is any piece 
of surface subtending solid angle © at the origin and f is any closed curve 
bounding © (i.e., lying in the lateral surface of the cone © and making a 
complete circuit around it). f is assumed described in the positive sense rela- 
tive to the enclosed solid angle. (A1.4) is proved in two steps. 1) Apply the 
ordinary Gauss’s Theorem to the vector field V/r? and the volume cut out of 
the spherical shell (r, r+dr) by the solid angle cone ©. The surface integrals 
over the two pieces of spherical surfaces cancel due to the above property of V. 
Divide out dr and multiply by r the resulting equation. One obtains the theorem 
(A1.4) for the special case: A = area intercepted on the sphere r by the solid 
angle and f= its boundary curve. 2) Notice that the left member is truly 
a solid angle integral, i.e., independent of the particular surface A which sub- 
tends © and that the right member is a function of the ray only, i.e., inde- 
pendent of the particular curve f so long as it bounds Q, q.e.d.. 

Consider now the variation 6 of the « action » integral I ={dQ Lo d on 
any 6-scalar, spinor, tensor, etc., field 7(X) is defined 67(X) =T'(X) — T(X). 
Therefore by definition 6 will.act only on Ÿ and Ÿ in the integral J and 
[6, 0/0X"]=0. We have, varying and then differentiating by parts 


N La US 
(A1.5) sane — 40 SP (Ry — Py RYE + 40% (Ry, — PR) swe 


ni 
CIG | © WF Wp pupnx, SP} — 


ARCS OT CNE — Ò 
+7 az ice YP, AM pn X, SW + | do Wp, pp» las x) es 


In the right member of the last equation 1) the first integral itte à 

has vanished by the field equation of ‘7; i the third Ra 
the field equation on Y; 3) the fourth integrand involves 0 V.7 LOX’ fH BX oc 
oc X, BB" X,=0; 4) the fifth integrand involves B™B” OX, OX” > B"B"g 0 
Moreover there are no surface terms due to the change ‘in the limits OE Wit 
tegration when 6 is due to a co-ordinate transformation € M because Z 
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vanishes in virtue of the field equation on Ÿ. Hence only the second integral 
survives: 


(A1.6) 8 | ine - | DOV VV Si 


where V, has its meaning of (A1.2). V” is indeed homogeneous of degree +1 
in the X?, therefore the angular Gauss’s Theorem can be applied, giving (4.4). 
There, f is composed of the two parts f, f, corresponding to two parallel 
4-dimensional surfaces in 5-space (#”, À) and is closed only at spatial infinity. 


APPENDIX II 


The suriac: element. 


By the angular Gauss’s Theorem, we are at liberty to take any 4-dimen- 
sional « closed hypercurve » bounding our solid angle ©, so for convenience 
we take it to lie on the unit 6-sphere 


SOI Mi 1. 
6-points X“ lying on the unit sphere we shall call 2“, thus from (2.7) we have 


Al x 1 
(A2.1) DE 3 , gm = 7 , BE 27 (re AS 


The curves of parameter 2° (i— 1, 2, 3) and À on the unit sphere, 2” = (a 

24 — EMA) respectively (i unsummed), are obtained from (A2.1) of course b\. 
letting the corresponding variable æ or À be the running parameter any 
keeping the other three variables fixed. Their length elements d& and déd 


are thus calculated to be 


dx’ 


dé? = 7% da’ = 2; da' (è unsummed; = 1, 2, 3). 
(A2.2) n 
de =— È dite. A -5 dl te = 1; 0, 4), 


#5 
aes — (ot + 20) da da =—F da + dA; 
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gl 
dé =—— dd + ddA. 


These four fields dé’ define the surface element df, of the surface #* = const. 
Now since for any 5-point (x", À), 2*oc X“ of course, we have from the de- 
finition (A1.3) 


(A2.3) df,2"=0. 
Thus the first term oc 2” of dé does not contribute, and it has effectively 


only a 5-th component. For this reason the 5-th components of the dé can 
be disregarded and they have effectively only i-th components. Thus 


dx’ 


(A2.4) (def ee = 3 (dEf)e = dA. 


Since now — guv/91e& = Juv, F = Det g,,= +1, we have 


di, = E 1v1235 2 da! da? da3 À di 5 
or 


d°x d2 d°x dÀ 
(A2.5) di, ea dj, = À 


s Other “df, = 0. 


which is the desired surface element. 


It may be shown by straightforward tedious manipulation using the rules 
of the f-algebra, that 


X(1+3aB,)B"p""(1— $BxBs) = 


u=0 : as AD eB % 
(426) Ja=m 2m (+65), 
> 2? 
u = 5 : ce XB Bs; a XA BBs, Rido (a "in Bs 3) ba . 


The first terms are of the form — X*f,f,; therefore since df,X"= 0, do not 
contribute when this expression is contracted with the surface element df... 
Thus the above expression effectively has only m-th (m=1,..., 4) and 5-th 
components. But dj, has only 0-th and 4-th components by (A2.5). Hence 


(A2.7) dj, (1 + - pa) X,p"p" (1 i 2 Bap.) es + Bs (2 oe sh) ; 


where the substitution X"> 2" has been made in (A2.6). This is (4.15). 
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RIASSUNTO (*) 


Esponiamo una teoria del campo quantizzato del nucleone libero basata sulla equa- 
zione d’onda a spin 3 proposta da Murai. Le caratteristiche notevoli sono: 1) il campo 
del nucleone è una rappresentazione irriducibile (ad 8 dimensioni) del suo gruppo fonda- 
mentale, il gruppo di 15 parametri di tutte le trasformazioni spazio-tempo che conser- 
vano gli angoli; 2) malgrado la massa non evanescente questo nucleone possiede un 
nuovo numero quantico B;, la chiralità invariante; neutroni e protoni possono essere 
distinti da 87 = —1 e +1 e l’operatore di carica può essere introdotto come gene- 
ratore del gruppo di simmetria #'— exp [ix(87+1)/2]; 3) il nucleone nudo ha neces- 
sariamente uno spettro di massa; la massa è coniugata ad un altra lunghezza misu- 
rabile À associata ad un nucleone, e si possono formare stati in cui la indefinitezza 
della massa nuda e di 4 variano in maniera complementare. Discutiamo l’influenza di 
questo nuovo concetto sul procedimento fisico di misurazione della massa tramite la 
interazione con altri campi e sulla rinormalizzazione di questo campo nucleonico. 


(*) Traduzione a cura della Redazione. 
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Influence of the Inner Electrode on the Threshold Potential 
Using Siemen’s Type Ozonizers 
under Low Frequency Silent Electric Discharge. 


H. D. SHARMA 


Department of Physics, University of Saugar - Sagar (M.P.) 


(ricevuto il 4 Gennaio 1960) 


Summary. — The paper reports the observations of the threshold 
potential V,, for the low frequency silent electric discharge using Siemen’s 
ozonizers for air over a range of pressure from 1 to 400 mm Hg. The 
V,-p curves are not linear, being concave towards the pressure axis. 
These results further indicate that unlike the case of the outer cylinders 
where small changes in the dimensions do not influence the curves appre- 
ciably, in this case small changes in the dimensions of the inner cylinders 
do influence the curves appreciably. 


1. — Introduction. 


Using metal electrodes the corona and similarity theorems have been 
established for air under a.c. (1) as well ad h.f. excitation (2). If the outer 
metal cylinder is replaced by an externally coated glass cylinder it has been 
shown by MAZE (*) and others (*) that at least in the Geiger region the results 
obtained are essentially similar and the small differences in the magnitude of 
the Geiger threshold and the plateau could be explained by regarding the glass 
walls as a serial resistance and a by-pass condenser in parallel. It was to be 
expected therefore that the corona relationship and the similarity theorem 


F. L. Jones and G. C. WiLLiaMs: Proc. Phys. Soc. (Lond.), 66 B, 345 (1953). 
F. L. Jones and G. D. MorGAN: Proc. Phys. Soc. (Lond.), 64B, 560 (1951). 
R. Maze: Journ. d. Phys., 7, 164 (1946). 

M 


I. Yasin, R. AHMED and P. S. Giur: Nature, 167, 647 (1951). 
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would hold good for Maze type counters also if an allowance is made for the 
fall of potential on the glass walls (5). The results reported earlier are in 
accord with this. However, in an ozonizer, the central axial wire is also re- 
placed by a glass cylinder of diameter comparable with that of the outer 
cylinder. This leads to a change in the nature of the electrodes as well as in 
the asymmetry. No data in respect of this are available in literature. It was 
therefore of interest to investigate the influence of the inner electrode on the 
threshold potential when the diameter of the inner cylinder varies within wide 
limits. Such studies would be very useful for the data on Joshi effect (9) which 
have been investigated mostly using all glass ozonizers. 


2. — Experimental. 


The general experimental arrangement and procedure were essentially the 
same as those reported earlier (7). The air used was carefully filtered through 
glass wool to remove dust particles andw as stored over phosphorus pentoxide 
for twentyfour hours. All glass Siemen’s ozonizers were used. The dimen- 
sions of the ozonizers are recorded in Table I. To investigate the possible 


TapLe I. — Effective length of the tubes — 8.00 cm. 


Dimensions of the tubes 
Pube. | se en USNERTS 
No. | Outer diameter of Inner diameter of | Outer diameter of | Inner diameter of 
| the outer tube em the outer tube em | the inner tube cm | the inner tube em 
< — mn} = = Sa, PE — >" ei to; << 
1 2:00 | 2.30 | 0.64 0.16 
2 2.63 2.30 | 0.69 0.45 
3 2.63 2.30 | 1.41 1.21 
4 2.63 2.30 | 2.03 1.82 
5 3.30 | 3.10 | 1.20 1.00 
6 3.30 Biel ke) | 2.30 2.10 
7 1.75 1.60 | 1.20 1.0 
8 1.75 | 1.60 | 0.70 0.5 


influence of a change in the inner cylinder with the same outer cylinder, dif- 
ferent tubes were used. To investigate the possible role of the thickness of 
the glass wall a capillary tube was used as the inner cylinder for tube 1, while 
the outer glass cylinder was the same as that for tubes 2 to 4. A solution of 


(5) D. P. JataR and H. D. SHarma: Curr. Sci., 25, 324 (1956); H. D. SHARMA: 


Res. Bull. Saugar University Phys. Soc., 1, 51 (1957). 


(6) S. S. JosHI: Curr. Sci., 8, 548 (1939). 
(7) D. P. JATAR and H. D. SuarMa: Journ. Sci. Industr. Res., 15 B, 417 (1956); 


D. P. Jarar and H. D. SHARMA: Nature, 178, 1073 (1956). 


9 - Il Nuovo Cimento. 
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sodium chloride in the inner tube of the full ozonizer and a helical of copper 
wire wound tightly round the outer tube served as the two electrodes. The 
ozonizers were initially cleaned with chromic acid and then with distilled water. 
They were then dried and baked at 200 °C in vacuum to remove wall absorbed 
impurities and were excited by an H.T. transformer using 50 kHz a.c. The 
discharge current flowing through the tube was measured by a moving coil 
galvanometer in the plate circuit of a detector (1H 5GT) connected across a 
serial carbon resistance, 10000 ohms, in the L.T. line. Before taking any 
observations the discharge tubes were aged for at least one hour at every pres- 
sure under a discharge well above the threshold potential Va: 


3. — Results and discussion. 


The threshold potential, V,,, (KV, a.c. peak value) was indicated by a 
sudden rise in the current flowing through the system, the initiation of a glow 
characteristic of the gas and the appearance of pulses on the current oscillogram. 


Than RS FOA T ar su 


0 80." 160002600 40 SOR 120 GO F807 20 


Fig. la). — Variation of the threshold potential, V,,, with the pressure of the gas. 
Numbers on curves correspond to the numbers of the tubes in Table I. - b) V,, —r p 
and V, —r,p curves for the same tubes. 2r, and 2r, being the inner and etto dis! 
meters of the inner glass cylinder. - c) i) r,X--r,p curves for the same tubes. Using 
the inner diameter of the inner glass cylinder and the outer diameter of the outer 
glass cylinder for the calculation of r,X; ii) r,X —r,p curves for the same tubes 

Using the outer diameter of the outer glass cylinder for the calculation of r,X. 
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Values of V,, over a pres 
în a pressure range from 1 to 500 m o for discharges 
tween coaxial glass cylinders are aan in Figs 5 o » Pg: a 
S 8 in Figs. 14, 2A and 34 for ozonizers 


indicated on the curves. It is seen that the curves are sensibly straight lines 
except at low pressures where they are concave towards the pressure axis. 
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Fig. 2a). - V,—p curves for tubes 5 and 6 in Table I. - b) V,,—7,p and Vn TP 
curves for the same tubes. - c) r,X — rp and 7,X — rgp curves for the same tubes. 


It is of interest to note here that for a given outer cylinder an increase in the 
radius of the inner cylinder causing a decrease in the air gap, decreases V,. 
A comparison of V,, for tube 1 with that for tube 2, having dimensions 
practically equal to those of 1 except fer the wall thickness of the inner 
electrode, shows that V, for the former capillary tube is appreciably larger 
indicating that there is a larger fall in potential on the glass walls corresponding 
to the capillary used. 

The variation of V,, with r,p and r,p (where ri and r, are the inner and 
outer radii of the inner tube in em) is shown in Figs. 1B, 2B and 3B. The 
curves are sensibly linear with a small departure at low rp values. The rX— rp 
curves for these tubes are plotted in Figs. 10, 20 and 30, where X is the field, 
in volts per cm. The variation of X/p for tubes 7 and 8 is also plotted in Fig. 30. 
It is interesting to note that the curves for different tubes do not coincide. 
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0 80 240 40 80 120 


40 80 120 


Fig. 3a). — V,, — p curves for tubes 7 and 8 in the Table I. - 6) V,, —7,p and V,, — rap 
curves for the same tubes. - c) r,X —7r,p and r,X —7r,p curves for the same tubes. 
X/p —r,p and X/p —7r,p curves for the same tubes. 
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The results for other tubes 
are similar. Moreover when 
similar tubes are considered 
namely 5 and 8, the V,,— rp, 
rX—rp and X/p—rp cur- 
ves coincide within the ex- 
perimental error except slight 
departure for high rp values 
cf. Fig. 4 and 5, indicating 
that the similarity theorem 
holds good in this type of 
discharge also. 


Fig. 4a). — V,,—1,p curves 

for tubes 5 and 8 in Table T. 

b) Vn — Yep curves for the 
same tubes. 
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The analogy between the results reported here and those reported earlier 
for a semi-ozonizer ($) suggests that the mechanism of breakdown in the two 
cases should be similar. Thus the nature of the variation of V,, with the 
pressure of the gas is similar to that reported earlier and has already been 
discussed. In the present case also, the influence of the electrode diameter 
may be interpreted in terms of a change in the corresponding air gap, a decrease 
in the latter leading to a decrease in the threshold potential. 


200 


Fip. 5a). - X/p —r,p and r,X — 7p curves for tubes 5 and 8 in Table I. - b) X/p — rap 
ci and r,X —r,p curves for the same tubes. 


Detailed studies (*) using coaxial cylinder coronas pares LOWE the pee 
sible importance of the central electrode dimensions. Keeping this cea) 
. constant, the dependence of V,, on the QUE cylinder diameter e er: 
investigated experimentally as well as theoretically (1°). No efforts sea 0 
have been made, however, to investigate the possible method of comparison 


: 1958). | 
8) H. D. Smarma: Acta. Phys. Pol., 17, 183 ( Pak ona + Page 5x 
à J. S. TOwNSEND: Electrons in Gases, Hutchinson’s Scientific Publications (1947); 


: il. Mag., 5, 721 (1928). NE 
Pare td ES . Fundamental Processes of Electrical Discharges in Gases (New 


York, 1938). 
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of data when the diameter of the inner cylinder varies within wide limits. 
Figs. 1, 2 and 3 show the data for eight tubes. For tubes 1, 2, 3 and 4, the 
outer cylinder is the same and the inner cylinder is changed from 0.16 to 
1.82 em. For tubes 5 and 6, the outer cylinder is the same and the inner is 
changed, similarly for tubes 7 and 8. It is clear from the Fig. 30 that the 
rX —rp and X/p—rp curves for these tubes do not coincide. The same 
results are obtained with tubes 1 to 6 though the values of X/p — rp are not 
plotted here. These results indicate that unlike the case of the outer cylinder 
where small changes in the dimensions do not influence the rX — rp curves 
appreciably, in this case small changes in the dimensions of the inner eylinder 
do influence the rX — rp curves appreciably. 


My grateful thanks are due to Dr. D. P. JATAR for his helpful criticism 
throughout the progress of this work. 


RIASSUNTO (*) 


L’articolo riferisce le osservazioni del potenziale di soglia V,, per la scarica elet- 
trica silenziosa a bassa frequenza nell'uso degli ozonizzatori di aria Siemens nel campo 
di pressioni fra 1 e 400 mm Hg. Le curve V,,-p non sono lineari, ma presentano una 
concavità verso l’asse della pressione. Questi risultati indicano inoltre che diversamente 
dal caso dei cilindri esterni le cui piccole variazioni di dimensioni non influenzano 
in modo apprezzabile le curve, nel caso dei cilindri interni invece piccole variazioni 
delle dimensioni hanno un’apprezzabile influenza sulle curve. 


(*) Traduzione a cura della Redazione. 
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Baryon Mass-Differences 
and Symmetries of Strong Interactions. 


N. DALLAPORTA (*) and L. K. PANDIT 


Tata Institute of Fundamental Research - Bombay 


(ricevuto il 7 Gennaio 1960) 


Summary. — The present paper gives a scheme of the strong interactions of 
the baryons, which from the start takes account of the different baryon 
masses, and yet has a high degree of symmetry without forbidding any of 
the known fast reactions. Only the usual fermion-fermion-boson type of in- 
teractions are employed. We start from the results already obtained in the 
papers A and B (*), which made use of the doublet approximation where 
the baryons are grouped into four isobaric doublets having the same mass. 
The four doublets are described by a single 32-component spinor and 
their interactions written using 32 x 32-matrices operating on this spinor. 
In A and B the K-interaction, neglecting the mass-differences, was taken 
to be an invariant under rotations in a 4-dimensional Euclidean space 
called the hypercharge space, the K-mesons being described by four real 
fields considered as the components of a vector in this space. The 
m-interaction was, of course, invariant under rotations in the usual 
3-dimensional isobaric spin space. Significant for the present paper 
are the six generators of infinitesimal rotations in the hypercharge space, 
grouped here into two sets of quantities Y, and Z, (i=1, 2, 3), which 
generate infinitesimal rotations in two different 3-dimensional subspaces 
of the hypercharge space, which are called, respectively, the hypercharge- 
spin space and the hypernumber-spin space (Y, are called the hypercharge- 
spin operators and Z; the hypernumber-spin operators). In A the N-E 
mass-difference was introduced by adding to the K-interaction another 
term so that the resulting Lagrangian was no longer invariant under 
rotations in the hypercharge-spin space. This interaction is invariant 
only under rotations about the 3.axis of this space (this expresses the 
conservation of the hypercharge or the strangeness) and under any rota- 
tion in the hypernumber-spin space. In the present paper, the final step 
of introducing the A-X mass-splitting is carried through. This is done 
by taking for the final x- and K-interaction Lagrangian a linear combi- 


(*) On leave of absence Grow Istituto di Fisica dell’ Universita, Padova, Italy. 


1159 


136 N. DALLAPORTA and L. K. PANDIT 


nation of the original one of A and the one obtained therefrom by inter- 
changing the roles of the fictitious particles Y° and Z° (¥°=(X°+ 4°)/4/2, 
Z°=(2°— A°)/4/2). Then only four independent constants (F, F’, g 
and 5) enter the theory. It turns out that the various terms of the final 
Lagrangian have exactly the same form as the terms of the d’Espagnat- 
Prentki Lagrangian. The difference is that the eight coupling constants 
of the latter are now not independent, but are expressed in terms of only 
four parameters F, F’, g and b. Our Lagrangian now conserves neither 
the total hypernumber-spin nor the total isobaric spin of the doublet 
approximation, but it does conserve the quantity obtained as the vector 
sum of the two. This quantity we call the «effective isobaric spin ». 
It has exactly the same values for the different particles as the ones given 
by the Gell-Mann-Nishijima scheme. This leads us to identify the isobaric 
spin space with the hypernumber-spin space, and thus consider it as 
a subspace of the 4-dimensional hypercharge space. We find further that 
our theory is invariant under boson-, spinor- and charge-conjugation (12) 
separately. Finally it is seen that the charge-state symmetries inherent 
in our theory are such that, assuming CP-invariance, they automatically 
lead to P-invariance. 


Introduction. 


The strong interactions of the baryons with the mesons and the charge- 
state symmetries underlying them have been studied from rather different 
points of view during the last.few years (1). As one of the earlier attempts 
in this direction, SCHWINGER (?) gave a theory, which, on the one hand, pre- 
sented a scheme of the baryon charge-states, and, on the other, introduced 
a direct KKx-interaction in order to explain the baryon mass differences. 
Somewhat later, GELL-MANN (3) adopted the point of view that, as a first 
step, one may neglect all the baryon mass-differences thereby obtaining the 
highest degree of symmetry, which is later reduced by secondary perturbations. 
He replaced the isobaric spin singlet A° and the triplet Y by two doublets. 
The four baryon doublets thus obtained (including the N and the = doublets) 
were assumed to have exactly the same strong interaction with the x-mesons. 
This is the well-known global symmetry. In this scheme the K-interactions 
play only a secondary role. An extension of this scheme employing these four 
baryon doublets to the K-interactions also was given independently by 


(1) B. D’ESPAGNAT and J. PRENTKI: Nucl. Phys., 1, 33 (1956); A. Satam: Nucl. 
Phys., 2, 173 (1956); B. D’EspagnaT, J. PRENTKI and A. SALAM: Nucl. Phys., 3, 446 
(1957); A. SALAM and J. C. POLKINGHORNE: Nuovo Cimento, 4, 848 (1955). 

(2) J. SCHWINGER: Phys. Rev., 104, 1164 (1956); Ann. Phys., 2, 407 (1957). 
(*) M. GeLL-MANN: Phys. Rev., 106, 1296 (1957) 
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TIOMNO (4) and by one of the present authors (N.D.) (5). This is usually re- 
ferred to as the «doublet approximation ». PAIS (*), however, quite conclu- 
sively proved the incompatibility of this highly symmetiical scheme with 
experiments. He showed that many reactions are forbidden in this scheme 
while they are actually observed to take place with cross-sections comparable 
with those of the allowed ones. An example of such a forbidden reaction is 
the K+-n charge exchange scattering. This work of PAIS marked a turning 
point, as it became clear that the questions of the symmetries and their per- 
turbations cannot be separated. One then turned to look for suitable changes 
in the scheme. These were either located in the main body of the interactions, 
by, for example, taking the relative parities of some of the baryons odd or 
they were caused due to the addition of a new type of interaction like the 
direct KKxr- (7) or the K*K%+-interaction (*) (the latter, assuming parity 
conservation, is only possible if K* and K° have opposite parities, to which 
there is no objection provided that all the K particles are taken to be isobaric 
singlets). 

Thus, while the initial highly symmetrical approaches were characterized 
by a minimum number of coupling constants (two in the case of strongest 
symmetry, one each for the x- and the K-interactions, neglecting all mass 
differences and using the same type of coupling), the new approach with the 
additional perturbations required the introduction of more interaction con- 
stants in order to improve agreement with the experimental data. However 
these perturbations turned out to be so important, and their effect so irregular 
in order to explain the data, that the original symmetries were almost com- 
pletely obliterated so that one could hardly speak of them. 

This situation is, from a general theoretical point of view, so unsatisfactory 
that one can hardly refrain from believing that something important has been 
missed and that it is worthwhile reconsidering the whole problem. The ques- 
tion is whether any interaction scheme can be found, which in spite of retaining 
a good many of the original symmetries, reproduces the baryon mass-diffe- 
rences and does not forbid any of the observed reactions. 

The present paper, which continues and concludes a preceding group of 
researches (°), gives a positive answer to this question. It will be pho 04 
without introducing any interaction other than of the usual fermion-fermion- 


(4) J. Tromno: Nuovo Cimento, 6, 69 (1957). 

(5) N. DALLAPORTA: Proceedings of the Conference on Mesons and recently disco- 

vered particles V, 3 (Padua-Venice 1957); Nuovo Cimento, 7, 200 (1958). 

(6) A. Pats: Phys. Rev., 110, 574 (1958). 

(7) S. BARSHAY: Phys. Rev., 109, 2160 (1958). 
) 


8) A. Pars: Phys. Rev., 112, 624 (1958). i 
x N seat ait and T. Toropa: Nuovo Cimento, 14, 142 (1959), here referred 


to as A; see also Nuovo Cimento, 42, 539 (1959); N. DALLAPORTA and V. DE SANTIS: 
Nuovo Cimento, 14, 225 (1959), here referred to as B. 
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boson type, we may give a scheme in which the N°, E, A and X masses auto- 
matically differ in the desired manner, while at the same time a good amount 
of symmetry is still preserved without forbidding any of the observed fast 
reactions. This is essentially achieved by considering the K-interactions as 
conditioned by certain rotational properties in a 4-dimensional Euclidean 
« hypercharge-space ». The idea of using such a space is, of course, not new. 
It has been employed by PAIS (#1) in some of his earliest attempts to group 
the strong z- and K-interactions according to a 4-dimensional isospin for- 
malism. Here, instead, the 4-dimensional space is used only for the K-inter- 
actions in a manner quite similar to that of a model first proposed by TIOMNO (*) 
and which, in the case of the doublet approximation, has already been de- 
veloped in the two preceding papers A and B (°). The most important feature 
of this approach is the use made of the two sets of 3-dimensional generators 
of infinitesimal rotations in the 4-dimensional « hypercharge space ». One of 
these, Y, has been called in B as the hypercharge-spin (Y, is half the hyper- 
charge), while the other, Z, called the hypernumber-spin will be interpreted 
later in the following. 

As the investigation of the present paper depends on the results already 
obtained in A and B, we shall begin by giving in Section 1 a short resumé 
of these papers, at the same time introducing some convenient changes and 
removing some inessential errors left therein. The main result at this stage 
is the hypercharge independence of the K-interactions (and, of course, the 
usual charge independence of the z-interactions). In Section 2 we shall re- 
capitulate, following A, how the mass-differences of the N° and the & is intro- 
duced in the doublet approximation breaking thereby the hypercharge inde- 
pendence. In Section 3 we proceed to the next step, which is that of getting 
over the doublet approximation. A mechanism is introduced which leads to 
the A-X mass-splitting and we obtain, instead of the two hyperon (*) doublets 
introduced by GELL-MANN, again a singlet A and a triplet =. This is achieved 
by writing the final interaction Lagrangian density as a linear combination 
of the one in Section 2 and the one obtained from it by interchanging the roles 
of the Y° and the Z°. This gives rise to a constant of the motion, which we 
interpret as the effective isospin. This isospin coincides with the assignments 
given by the Gell-Mann—Nishijima scheme (11). It arises from the addition of 


(19) A. Pars: Proceedings of the Rochester Conference (1955); Proc. Nat. Acad. 
Se., 40, 9, 835 (1954). 

(*) Throughout this paper we use the name hyperon for the A and the Y while the 
other baryons are referred to as the nucleon (.N°) and the E. The hyperon doublets 


+ 0 
introduced by Gell-Mann are È | and k ) STR NOE 27 ae 


14 0 


1€ 
| v2 V2 
(1!) M. GELL-MANN: Phys. Rev, 92, 833 (1953); T. Nakano and K. NisHIJIMA: 
Progr. Theor. Phys., 10, 581 (1953); K. NISHIJIMA: Prog. Theor. Phys., 12, 107 (1954). 
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the doublet approximation isospin and the hypernumber-spin Z. In our final 
Lagrangian density the various terms have the same form as the terms of 
the d’Espagnat-Prentki (*) scheme. The difference is that only four independent 
constants enter our theory. In the next Seetion 4, some further invariance 
properties of the scheme will be considered. It will be seen that the theory 
is invariant under the Z (boson), 4 (spinor) and € (charge) conjugations (1?) 
separately, as was also the case in the doublet approximations of Sections 1, 2 
(cf. A). We shall, moreover, discuss in this section the relations between the 
eight coupling constants of the d’Espagnat-Prentki Lagrangian according to 
our scheme. Section 5 will deal with the question of a possible relation between 
the charge-state symmetries and parity conservation in this scheme. It will 
be shown that if we assume the Lagrangian density to contain a parity vio- 
lating mixture of a scalar and a pseudoscalar term and no derivative couplings, 
then by demanding CP-invariance we obtain, on account of the strong charge- 
state symmetries of the theory, the vanishing of either the scalar term or the 
pseudoscalar term. The theory thus automatically conserves C and P separa- 
tely ; and here this naturally includes also the A-interactions. Thus if the detailed 
predictions of our theory were found to be in agreement with experimental 
results, we shall be able to conclude that parity conservation does not have to 
be considered as a separate requirement for the strong interactions, but that 
it follows from the inherent charge symmetries and CP-invariance. 


1. — Let us consider the interaction scheme in the doublet approximation 
as already developed in A and B (*). The results are best visualized with the 
help of the diagram shown in Fig. 1. In 
the above papers the different observed ye =) 0 4 
baryons are considered as different states 
of the same fermion (called the Baryon) 
described by a 32-component spinor. Tt 


is assumed that all the baryons have the a Si 

0 si Y° Xe 

È LS ATRIA 

Fig. 1. The unbroken lines represent the 7- | N i 
transition, the broken lines the transitions in- | ui i 
volving the neutral K mesons, and the dotted 33 | 
lines those involving the charged K mesons. i ig | 
O is the charge and U the hypercharge of “4 ua 


[1] 


the various baryons. = 


Nuovo Cimento, 9, 316 (1958). 


(2) P. BUDINI, N. DarLaporrta and L. FONDA: to 
different from those 


(*) In the present paper the symbols used are in some cases 
used in A and B in order to make the notation clearer. 
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same parity. We have considered this spinor variously in three different re- 
presentations: 

i) the completely mixed representation X°”, ii) the partially separated 
or intermediate representation W®% and iii) the completely separated represen- 
tation y? 

i) In the completely mixed representation the « Baryon » spinor A? 
satisfies the free-field equation 


lo ete 
(1) (a, On, A m) NS 0) 5 
where the repeated greek index w, signifying the four space-time components, 


is summed. over 1, 2, 3, 4 (we take A=c=1, a,= it). We may write 


Bee 
AG b) 


= 
uso) 
— 
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where the group of 16-components indexed a represents a mixture of the N° 
and the E; the group indexed b is a mixture of the hyperons (2*, Y°, Z°, =>). 
The G, are 32x32 matrices: 


0 I, 
0 
Put ture 
(3) Ge ; L=| ae 
0 | © aie Vu 
NES: 0 


| Lg 
VERS p ; Vasa 1px, (kK=1, dg D} 0 Vs = VaVaYs3}a 3 


where 6 and x; are the well-known (4x4)-Dirac matrices. We shall also 
define 


The G-matrices have the following properties: 


G=¢,, G=G, =I; 


wo CI 
(5) 4,6, + 6,6, = 26,, 1°; 


6,6, + @G, =0. 


16% means the (32x32)-unit matrix. 
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li) By means of the unitary (also hermitian) transformation 


(6) XS” = So», 
where 
Me es A | 
o % 
ee Oy ee ES. = dati 1-I; 
ul SS st= so ied eee Be 
ds È 


we get at the intermediate or the partially separated representation in which 
the « Baryon » is described by the spinor 


(8) 
+ 


(8) 
(8) ya — Pa 
y) 


(8) 
Pa 


Here the 8-component spinors indexed a, b, c, and d represent, respectively, 
the mixtures of p and n, E° and E, Y* and Y°, and Z° and 2X. 


iii) Finally by a further unitary (also hermitian) transformation 


8 0! 
È Li | ; (32) 
(52%, — LS il 2 
nthe ato 
(9) lo 8 
x i Sani 5 1—y¥y; 


we get at the completely separated representation where 
Vo 


ae VET 


(10) pela 


Ys- 


The > Yar Ya: etc., are NOW the ordinary 4-component Dirac spinors for 
the p, n, Et etc., respectively. Each one satisfies the ordinary Dirac equation. 
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The names employed for the three representations should be clear from the 
foregoing. 

We would like to stress here that the different mixed representations, X, ME, 
were introduced in A for convenience in discussing « y;-invariance » proper sa 
of the Baryon-field equation. It is, however, not necessary for us to go to 
the mixed representations for discussing the charge-state symmetries. We 
have introduced them again here only for the sake of consistency and to avoid 
any confusion. 

According to A, we now write the Lagrangian density in the X-represen- 
tation (we shall often from now on drop the index-32 on the spinor) as a scalar 
in space-time, in the following manner: 


IEEE | 
SR NIE 
(11) E 9 TS Oly an, " G (i + m 
+2 XG + XA, + iF peer: “on tig YXTGHXI, 
x j=1 
where dl 
XG = LG = 


m is the bare Baryon-mass, A, is the electromagnetic 4-potential, gp, (= 
= 1,...,4) are four real fields describing the K-mesons which are assumed all 
to have the same parity; the y, are taken to be the components of a vector 
in the 4-dimensional hypercharge space. Z/; (j =1, 2,3) are the real compo- 
nents of a vector in the 3-dimensional isobaric spin space, and they describe 
the x-mesons. Both the //, and the y, are here considered as pseudoscalars 
in space-time. If g, were scalar we have only to take GF instead of GE*! in 
the y,-interaction term in (11). e, F and g are, respectively, the electro- 
magnetic K- and z-coupling constants. The various operators occuring in 
(11) are represented by the following 32x32 matrices: 


0 ESE 
! Lala 0 : 
Gp , 
0 0 IR 
Lely 0 
(12) VRP EE È 4 
" Lik, 0 
Gi, = 3 
0 0 T1, 
dali 0 
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| : ‘0 19 
0 | VASI 0 
LAS be NE aa tn 
LA nd di 
0 
SN LO 
0 — 7(8) 
0 PAC 0 
0, = | DISTA 
0 IS 
0 
=— J(8) 0 
7) 0 
0 0 VASI) 
Care een dE 
I) 0 0 
0 E VASI) i 
| PA 0 
(13) Il 0 0 T® 
Q,= -- i 
(8) 0 
| 0 
0 VASI, 
(8) (0) 
0 [® 0 
i. = CON = ? 
__ is) 0 
0 0 RS) 
2,2, a 2,25 = 20x12, (L=, A 
DIA (OPERE Ras: 0, 
G,Q% ai 9,4, = 0 ? IS i > 2 
dla eG, = 0 ; (K == 2, 4) 
| G, Oo Qi = 0 5 
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eta 
0 ge 
È LO 
T, = | — à aper A E gi 1, =) 3); 
; 0 
Li Rigs 
10 T; 
RS el Ô I) in at, Me ee fo he ale 
e SI 0 | ) Fari 37a gyi? 15 0 To]? 
ie T;] = fe T;T; = 241, , ] as 
an TI | (i, j, k = cyel. 1, 2, 3); 
iL; = — 4;4;, = 17. 
[25 T;] be 
(140) ori T;G,=0, (i=1,3) 
GT, TG, =, (= 


Gi; 236, = 04 


We should like to emphasize here that the G,, G, and G, operate essentially 
on the space-time co-ordinates of the spinor, while the 2, operate on the 4-di- 
mensional hypercharge co-ordinates. XQ,X (K= 1, ..., 4) are the components 
of a vector in the 4-dimensional hypercharge space. The 7, operate on the usual 
isobaric spin co-ordinates of the baryon state. The last term in (11), representing 
the n-interactions, is invariant under rotations in the 3-dimensional isobaric 
spin space. This leads to the charge independence of the x-interactions and 
so to the conservation of the total isobaric spin 4T+T™ in the doublet ap- 
proximation. The three components of T are the isobaric spin operators 
for the x. 

The K-interaction term in (11) is clearly invariant under rotations in the 
4-dimensional hypercharge space. To understand the properties of this term 
it is useful to go to the partially or the completely separated representations 
Ÿ or y. This is because in these representations each of the separate compo- 
nents Y®, .... OF wp, +... have a sharply defined value for the « strangeness » 
or the « hypercharge ». Let us then write the K-interaction term in the ‘P-re- 
presentation using the transformation (6) as follows: 


4 
(15) L, = if > o,f ¢, ; 


where it turns out that the relevant transformed operators are represented 
by the matrices: 


(164) ©, = OT o=— QI, og = — dI, del, 
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where, for example, we mean that 


(16b) 


= 
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io 


Following B and the general formalism of PAIS (!°), we may now construct 
the 6 generators of infinitesimal rotations in the 4-dimensional hypercharge 


space. 


(17) 


Let us define 


1 
Mrs [or Ox], 


(L, K =1, 2,..., 4), 


and derive from these the following two sets of 3-dimensional generators Y 


and Z: 
| 1 i 
wa =o (Ms + Ma) = 
a al 
VITE 3 (Ma — My) = n 
iL 1 
Y:=3 (Ms; + My) F9 

(18) 
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[ 


10 - Il Nuovo Cimento. 


0 T® 
1% 0 0 
; 
0 0 
0 0 
0 1® |? 
0 T® 0 
0 —ir® 
ile 0 0 
; 
0 0 
0 0 
0 ET ? 
r IS 0 
Is 0 
TORI 
; 
0 0 
0 0 
T® 0 
0 ‘iy, Beery 
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[Yi Yl= ih, 
1 (i, j, k = eyel. 1, 2, 3), 
(091) [Z;, Z| = 17% 3 
[Y., Z;] = 0. 


Lot us also introduce the two sets of generators, Y° and Z®, operating 
on the K-mesons. These are constructed in the Appendix, where a formalism 
based on an idea of HARISH-CHANDRA (1%) has been employed. Writing the 
K-meson operator as a column vector (cf. (2 4)) 


KT 
K+ 


PALIO 


K° 


DE = 


Ww) have 


0 0 0 —1 0 
7(K) 1 5 (Æ) 1 0 1 
a, Ÿ = 9 Ly == © ; 


0 
— 1 0 0 | 
0 
0 . 0 o ; 
(20) | yo 1 v yo 1 v 
=i = 0 = 
al 0 1 0 
1 o 0 1 o 
ye 1 sa: Ze : Pas 
on aay) n 1 QO}? a ee ; min 
| OE o- "à 


For the x these quantities have the value zero, just as the isobaric spin is zero 
for the K in this theory. 

The Y, generate infinitesimal rotations in a 3-dimensional subspace of the 
4-dimensional hypercharge space. This subspace has been named the hyper- 
charge-spin space and Y the hypercharge spin. We notice that Y, is diagonal 
in our representation both for the baryons as well as for the K-mesons, and its 
eigenvalues give half the hypercharge U. The Z, generate infinitesimal rota- 
tions in another 3-dimensional subspace called the hypernumber-spin space, 
Z being called the hypernumber-spin. 


(!*) HARISH-CHANDRA: Proc. Roy. Soc., A 186, 502 (1946). 
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Using these generators, it is now easy to show the formal invariance of the 
interaction (15) under infinitesimal rotations in the above two 3-dimensional 
subspaces. The method employed is given in the Appendix. This invariance 
implies that the total hypercharge spin Y+ Y® and the total hypernumber 
spin Z+Z® commute with the Hamiltonian and hence are constants of the 
motion. In other words, this expresses the hypercharge-independence and the 
hypernumber-independence of the theory. 

We have already interpreted the eigenvalues of Y; as half the hypercharge. 
The quantum numbers associated with the hypernumber-spin conservation 
will be interpreted only at a later stage. 

We give in Table I the quantum numbers characterizing the different par- 
ticles in this scheme. 


TaBLE I. - In this table we give the various quantum numbers of the particles and we 
have also given the values of M,, and M,, which were called J, and J; by Tromno (4), 
E and w, by DALLAPORTA (5) and S,+ N/2 and S,4-N/2 by Pats (6) (N being the baryon- 
number). The charge C=T,+ M,, and the hypercharge U= M,3+ M34; My,=Y¥3+Z;, Moy 
= Y,;— Z;. Note that for the pions, the values in the Table refer to T, and not to 473. 


| | | | | 


eM FB) Lo, lo) Mar sara) a 
name | 
p 1 Li (ro 4 "nai Pesa DA 4 
n 0 1 L L 0 | 4 RAREMENT 2 
Da ara as eer eevee 
yo 0 0 | 0 | 4 0 L By aoe oe 0 f 
| 1 
(o RR. 
= 3 AO TERE SIE eye cS 2) ere LI, 
= Alba E. 
E° eee A UNSS 0 3 3 3 3 3 
nt 1 0] 0 | 0 o| 0 Oth at 1 
70 0 Midi dro big, PPT 0 1 
r- La o|o|o 0 OI SIOE TI 
| fot 
K+ 1 au De 1 | 1 1 0 : i) 3 
Ko 0 "ea iene aa ae pee dev = 
K° O0 | —1 | + ire 3 OT : ue 3 
Rt=Kk 1) —144 | 4 L L 1 0 + 


We might make here some interesting observations on the physical et 
of these quantum numbers. The emission or absorption of any K-particle 
by a baryon is accompanied by à simultaneous change of Y, Y, and Z, Z, 


| for the baryon. A transition in which only Y, changes requires a change by 2 


uti’ 
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of the hypercharge (or strangeness) of the baryon and therefore connects only 
the .N and the E states via the emission or absorption of a pair of K’s or a pair 
of K’s. Instead, the transitions in which only Z, changes connect the hyperons 
among themselves, with no change of the strangeness, through the emission 
or absorption of the pair of a K and a K. This points to a certain physical 
analogy between the transition in which only Z changes and the x-transitions. 


2, - The ©, matrices introduced in Section 1 have the same form and 
commutation relations as the usual Dirac matrices. In the X-representation, 
Q, has to be diagonal in order that the K-interactions only connect the group 
of N'E-states with the hyperon group and not operate within these groups; 
that is, in order that the four Q, are non-diagonal. In A, the question was 
raised whether we can choose in this representation another set of such suitable 
matrices, Q,. This was found to be possible with the following choice: 


910,0}, 
Oa 24, 
Q, = —i2,9,, 
Q= 10,2, ; 
Oe Oe; 


(21) 
SOI: DA 


(ORE OA 
Gy — 2,6, =, (hai 
FO + 0,4, = 0, (K-24) 
0-0 = 0, 


We could have used these ©, instead of the 2, and obtained as before a 
K-interaction scheme quite similar to the one already obtained in Section 1. 
Let us consider, however, a K-interaction obtained by linearly combining 
these two types of terms, one with the Q, and the other with the Q,, both 
coupled to the same pz. It is interesting to note that when the XQ,X trans- 
form under rotations as the components of a vector in the 4-dimensional hyper- 
charge space, the xi do not so transform since we insist on the defining 
relations (21) in all the rotated frames. Hence the quantity ; 


4 
SG O) 


L=1 
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cannot be invariant under all rotations of the 4-dimensional hypercharge space. 
Such an interaction could thus be non-hypercharge-independent and hence 
could possibly lead to the splitting of the N° and the & masses. 

This idea has, in fact, been employed in A and B, to explain the N — & 
mass-difference. The interaction Lagrangian density is then taken in the 
X-representation, to be 


L i or. { Il a . . I r 
(22). L= X(G+ G)A,X + DXiPO+ iP CIELO + à 


dl 


SA : 
— ig > ALG" ALi 
j=1 


where F’ is an independent real coupling constant. 
To see the meaning of these interactions we go to the completely separated 
representation y (cf. equations (9), (10)). We get 


(23) Li Yo {+ iey, À,» + ig(V 2a y 5), = TT sp) ae 
= Var — F')(Kty spa + K°yswx+)} Rs 
PW, {+ ig(V/22-V5Y> NY sp.) — V2(F — P)\(Ktyswx- + K°ysww)} ar 
+ Peel + (Ve pepe + spes) — VAE + PIE yspze— Eye} + 


Ai P=-{— iey,A,Wz- + 1g (V2 ysY a = TY W=-) = 
— VP + FR tyspre — Ky ps-)} + 


se F Pat iey, A,Wx+ à nl ig(V/ 2aty Pr + x Ws) + 
+ V2(P +P) K +y peo + V2! — F') Ky} + 


+ Pyo{ + 927 pee — TY) + 
1 VHF + DIR ype + VER — PE + 


+ Yyo { + ig (V2xty Vs + TY 570) ssa 
1 VP — P)K'ysp, — VAT + BP) KY bas} + 


+ Py {— deg A vs + ig Van ya — MY) + 
4/5 F— PK +yy, — VP + PE yy}, 


(D, = Vara: ce)» 
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where we have, using the particle symbols for the meson operators, 


| KE = ne (operator for the absorption of K* and emission of K°), 
K+ = eda (operator for the absorption of K~ and emission of K*), 
i= ae (operator for the absorption of K° and emission of K°) , 
a Ko — piro (operator for the absorption of K° and emission of K°), 
dh za a (operator for the absorption of z+ and emission of 77), 
a ee (operator for the absorption of ?- and emission of 7*), 
| x NIE (operator for the absorption and emission of 7°). 


We see from (23), that as a result of combining the ©, and Q, terms, the 
coupling constant for the K-interaction turns: out to be F — F’ for the N 
and F+F' for the &. In the K-interactions of the hyperons, instead, both 
F+F' and F— F' occur as the coupling constants. This, in principle, leads 
to the separation of the N° and the E masses, leaving the hyperon mass inter- 
mediate between them. 

The break down of the hypercharge-independence, which is responsible for 
the above mass-splitting, is expressed by the fact that now the K-interaction 
is no longer invariant under rotations about the axes 1 and 2 of the hyper- 
charge-spin space. It is still invariant under rotations about the third axis 
of this space as well as under any rotation in the hypernumber-spin space. 
In other word, only Y. s+Ys°, and not the total Y+ Y™ is a constant of the 
motion besides the total Z+Z. The hypernumber-independence i is, of course, 
still to be expected since the new Qt -term introduced above does not suffice 
to split the hyperon masses. 

At the present stage, the introduction of the Di is really more or less pheno- 
menological and justified only by its consequences. A deeper mathematical 
explanation for it is still under investigation. 

Before closing this section, we should like to make two more observations 
about the interaction (23). Firstly, we notice that the electromagnetic inter- 
action, as introduced above, represents quite correctly the charges of the various 
baryon states. Secondly, the pion-interactions are seen to be charge-inde- 
pendent for all the baryon doublets. 
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3. — We have so far introduced nothing essentially new beyond what has 
already been done in A and B. We are still in the doublet approximation 
as the actual A— X mass-difference has not yet been taken into account. 
We proceed now to introduce this important physical feature into our theory 


In the doublet approximations discus- 
sed above, the two fictitious neutral par- 
ticles Y° and Z° have quite different phys- 
ical properties, as each of them is con- 
nected by completely different interactions 
with the other baryons. It is just this 
physical discrimination between the Y° 
and the Z° that is responsible for the 
already mentioned unacceptable conse- 
quences of this approximation in forbid- 
ding well observed fast reactions. We 
try, therefore, to wash out this difference 
in behaviour of these two particles. We 
shall do this by considering also a second 
K- and x-interaction scheme of exactly 
the same form as before, but in which the 
roles of the Y° and Z° are interchanged. 
This interchange is represented in Fig. 2. 


WC +1 Q =t 
+1 pr rg 
PSS H N 
RX oe 
| N ih ak 
fer os iv EX 
: \ Il x 
ppt ORI 
| \ x 
Xx 
0 De \ 2 LE : 
x Y N 2 
x | à \ 
ed I \ i 
\ | n° I 
\ | x | 
\ \ | 
x | BN ! 
4 | 
ie N 
=| INI \i 


I 
{a 
1 


Fig. 2. — The unbroken lines represent 
the x-transition, the broken lines the 
transitions involving the neutral K- 
mesons, and the dotted lines those 


involving the charged K-mesons. © 
is the charge and U the hypercharge 
of the various baryons. 


Mathematically the interchange 
Yo 2° 


is effected by means of the unitary matrix 


IM 0 
0 [™ 0 
0 
[™ 0 
0 
0 I‘ 
(25) J=J'=JA= ; 
m0 0 0 
0 0 0 I 0 
0 I® 0 0 
oO 0 :0 19 


operating on p®? in the completely separated representation. The corres- 
ponding matrix in the X62-representation turns out to be again the above J, 
but is different in the intermediate representation We, The resulting Lag- 
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rangian density for the x- and K-interactions in the X-representation is: 


4 
(26) La = DX(iFQ, +ir'Q,G)GEt'X0x + ig SAT, Gi** XII, 
kat j=1 
where ; 
(27) Q,=J2,J, ete. 


To achieve the desired effect we take the actual interaction Lagrangian of 
the system to be a linear combination of (22) and (26), 


(28) List Pin A bia ? 


where b is a suitable real constant characteristic for the theory. 
To see the effect of this procedure we go again to the completely separated 
representation y, and put 


: Siero 
pa ian. 
(29) Ne i 
ESA 
po = 2. 


(30) i 
’ HS a ’ Ys- = 


and change K, to — Ky (this is only a trivial redefinition of K, in terms of gs 
and q4; then X°®*=_ K°. We obtain finally the x- and K-interactions in 
the form 


(31) Lo = ig(1 + b)[(Pysp — Nysn)x° + V2 py, nat + Ny, pa)] + 
+ ig(1 + b)[(£°y; — Egg En + VEE + Boy, H°n-)] — 
— ig — b)[(2°y,A°n® + Sty, Ant + Ey, An) + herm. conj.]+ 
+ ig(1 + DE y ZT — Soy, Za + 


+ (2°y, — Sty, Sat + (Loy, 5° Ly Sg] + 
+ (Pf — F\(1 — 6) [(py,A°K* + ny; A°n°) + herm. conj.] — 
— (P— BY +b) (py, 2° A+ — fy, ZE + /2 ny, DK + 

at pia 2*K°) + herm. conj.] — 
— (P+F)1—- (E° A°K° + E-y; A°K*) + herm. conj.] + 
PPP PIE LACES I 

+ v2.5°y;2*K*) + herm. conj.]. 
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This is exactly of the same form as the well-known d’Espagnat-Prentki 
Lagrangian density, but with a very special choice of the eight coupling con- 
stants, expressed in terms of only four independent parameters g, 7, F’ and b. 
We see that as before all the K-interactions of the N° are proportional to 
(F — F'), and those of the & to (F + F’). The new feature now is that all 
the X-couplings are proportional to (14) whereas all the A-couplings to 
(1— 5). This then leads to the A-Y mass splitting as was desired. This dif- 
ference in the A and the Y coupling constants is also exactly what we require 
to remove the forbiddenness of the already mentioned observed reactions. 

Our interaction scheme thus possesses, at least qualitatively, all the desired 
features right from the start. 

Let us consider in a somewhat greater detail the properties of the above 
interaction. We shall compare the quantities Y, Z and T of Sections 1, 2 re- 
levant to the Lagrangian £ with the corresponding quantities Y, Z and Vi 
relevant to 7, where 

Y;= JY;J, etc. 
To do this we make use of the completely separated representation, since in it 
the effect of J in simply interchanging the roles of the Y° and the Z° is the 
most obvious. We find that 


(32) Y = Y, 
IEZZO 
(33) pulsa 
| T&T 


To illustrate this we give in Table II the eigenvalues of Liss Ze, dg ant T, for 
states Y° and Z° (the other baryon states have not been affected). This com- 


TABLE II. - Quantum numbers showing the effect of interchanging the roles of the Y° 


and the Z°. 
| | 3 sh = mel’ 
eet re) sz | | an |. 2, | eee: 
yo do a i ea RS } 0 
zo 0 4 — # 3 | 3 n 0 


parison is only a heuristic way of expressing the mathematical situation that 
our final interaction (28) is now neither invariant under rotations in the iso- 
baric spin space nor under rotations in the hypernumber-spin space. On the 
other hand we do find (see the Appendix for the method of showing this) that 
it is invariant under rotations in a 3-dimensional « effective »-isobaric-spin space 
in which the generators of infinitesimal rotations are given by 


f,=2,+34T:, (¢ = 1,52, 5), 
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which we call the effective isobaric spin operators. It is clear that I (9 is equal 
to Z and 17 is equal to T®, since the K have isobaric-spin zero and the x 
have the hypernumber-spin zero. 

It is thus clear that it is now the total effective-isobaric-spin which is a 
constant of the motion. The eigenvalues of J and J; have already been given 
in the last two columns of Table I in anticipation of the present result. We 
notice that these values coincide with tbe isobaric spin assignment of the 
Gell-Mann-Nishijima scheme, where the A° is a singlet and the Z’s form a triplet. 
We might again emphasize that, just as in Section 2, Y (or the hypercharge) 
is, of course, conserved but there is no hypercharge-independence. 

It is interesting to note that the effective-isobaric-spin of the x and the 
K have quite different origins. The former is entirely the isobarie spin of the 
scheme in the doublet approximation, whereas the latter originates from what 
we have called the hypernumber spin and is intimately connected with the 
4-dimensional hypercharge space. 

In the frame of the doublet approximations of Section 1, 2, the K- and 
the x-interactions are quite independent owing to the commutation of the 
2, with the 7,. One can then interpret the 4-dimensional hypercharge space 
which governs the K-interactions as completely independent of the 3-dimen- 
sional isospin space governing the x-interactions. This, in fact, was the point 
of view of TroMNo and of the paper A, where these two spaces were considered 
as together forming a 7-dimensional space. However, one can also consider 
the 3-dimensional isospin space as a subspace of the 4-dimensional hyper- 
charge space and identify the-former with the hypernumber-spin space. We 
shall adopt this point of view as offering a clearer understanding of the de- 
velopments of this paper. We have already pointed out that in the doublet 
approximation, the transitions which affect only Z, (the pure hypernumber 
transitions) are accomplished by a pair of a K and an anti-K (K) without 
changing the hypercharge of the baryon, and hence, are in some sense ana- 
logous to the x-transitions. The analogy is not exact, as is clear from a look 
at Figs. 1 and 2, so long as we discriminate between the Y° and the Z°. 
But as soon as we wash out the difference between these two fictitious par- 
ticles, as done in this section, we find that physically these transitions become 
of the same type. They are then characterized neither by Z nor by T but 
by the vector sum Z+4T, which we have called the effective-isobaric-spin I. 
The isobaric spin space and the hypernumber-spin spates must then be looked 
upon as really one and the same space. 

The main merit of our scheme, to restate the case, is that in it the baryon 
mass-differences are taken into account without completely breaking all the 
charge-state symmetries and yet no known fast reactions are forbidden. 


4. — We shall devote this section to stating the different symmetries which 
underlie our scheme of strong interactions as developed above. 
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1) The dominating feature of the scheme is its charge independence 
with the various effective isobaric spins coinciding with the assignments made 
by GELL-MANN and NIsHIJiMA. Although no definite proof is available, there 
is up to now nothing against the validity of charge independence in the strange 
particle phenomena. 


2) Hypercharge (or strangeness) enters the scheme quite naturally and 
is a constant of the motion, as it should be. The stronger symmetry of hyper- 
charge independence is, of course, no longer present as we have broken it to 
introduce the N-& mass-splitting. 


3) It was pointed out in A that the doublet approximation Lagrangian 
is invariant not only under the € conjugation but also separately under the 
boson-conjugation Z, and the spinor-conjugation 4 (see also B.D.F. (!*)) even 
when the -& mass-splitting has been introduced, provided adequate trans- 
formation properties are attributed to the different coupling constants. Under 
the same conditions, our final Lagrangian (cf. Section 3) still remains inva- 
riant under the separate 4-, Y-, @-conjugations (*). This is immediately seen 
from the fact that the operators Z, Y and € given below commute with J 
(cf. equation (25)). The definitions of these conjugations were given in A 
for the X-representation as: 


(34) ee ai A —7X,, X= EK, 
0 U 7 
U 0 
B= ; 
U 
0 
U 0 
0 v 
0 
v 0 
35 Oe — ) 
(35) 0 i 
0 
© 0 
Ww 0 
0 
0 Ww 
6 = 4 ’ 
w 0 
0 
0 U 


(*) Professor Pats has pointed out to us that no selection rules could follow from 
the 4 aud 4 invariances, as the sign changes in these operations in the case of ths 
gx field cannot be attributed to the field itself but to the two constants F and P', 
which behave differently from each other: we wish to thank him here for his remark. 


oO 
Uni 
mi 
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where 
0 I® 
SR a ol? 
0 e 
Gal aa G 0|” 


I® being the 4x4 unit matrix and ¢ the usual 4x4 charge conjugation matrix 
satisfying the relations 

Vu CR Vu © 1 
(37) i 

Chaco! bets 


The behaviour under these operations of various quantities occurring in the 
Lagrangian are given in Table III 


TABLE III. — The various quantities shown in the first column transform under B, S and € 
to the quantities given in the second, third and the fourth columns, respectively. 


] | 
B SF € 

e — € e — e 

LE F — F — F 

1) — P' Ey — F' 

I I I g | 
PR Pi — 2 Pi + Pa Pi— Pe 
Pila Pit ipa Pi — Pa Pit ipa 
Pa + 1s — (P3— 194) — (Ps + 194) Ps — ipa 
ES Oi — (ps + ipa) — (gs — ip.) Ps + 1Pa 
IT, + ul, IT, — ill, IT, + i, IT, — il 
IT, — ill, IT, + ill, I, — ill; IT, + a, 

IT, — IT; — IT, IT, 


The physical meaning of the boson-, spinor- and charge-conjugation (4, 4, €) 
is most easily understood if we consider the following model for the baryon. 
A « bare neutral baryon » B is clothed with all possible mesons to give the dif- 
ferent observed baryons. B carries the baryon number, whereas the mesons 
carry the charge and the hypercharge. For instance, the proton is B+ Kt, 
the neutron is B+K°, the ET is B+K7, and so on. Boson conjugation (4) 
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then means the reversal of the charge and the hypercharge of the meson clothing, 
without changing the bare baryon B. Thus, under it, the proton goes to the 
=, the neutron to E° and so on. Spinor conjugation (4), on the other hand 
transforms the bare baryon into its anti-particle B, without affecting the meson 
clothing, that is without changing the charge and the hypercharge. The proton 
is thus transformed under Z into the E- (the anti H-, which is positively 
charged and has hypercharge +1 and baryon numbers —1). The product 
of Z and 9 is the ordinary charge conjugation €, which reverses not only the 
charge and the hypercharge but also the baryon number, transforming, for 
instance, the proton into the anti-proton. In our theory the constants F, e 
and F’ transform under 4, 4 and @ like the baryon number, the electric 


charge and the hypercharge, respectively. 


4) Finally we consider the relations between the eight coupling constants 
of the d’Espagnat-Prentki scheme as they come out in our theory. Let these 
eight constants be 9, Jo, Js, Jar fis Jos fs and f, for the interactions NNT, TXr, 
Adn, EEr, NUK, NAK, EZK and ZAK, respectively. Then in our theory 
they satisfy the following relations: 


G,= ==; 


93 hide i 
Ton ta b+1? 
ei fi hh FPF 


nai 


We see that excepting for the AËx-interaction, all the other pion interactions 


have the same coupling constant. 
A crucial test for our theory should be to compare the simple relations (36) 


with the experimental data. 


5. — In all the preceding considerations, we have assumed that the strong 
parity transformation and charge conjugation 


interactions are invariant under 
he present experimental data. 


separately, as also appears to be the case from t 
It is, however, of some interest to investigate if we can establish any con- 


nection between the independent parity conservation and charge-conjugation 


invariance on the one hand and the inherent charge-state symmetries of our 


theory on the other. This question has been recently discussed for some simple 
cases of strong interactions by various authors (14). The main results at which 
one has arrived up to now May be summarized, speaking only of non-derivative 


Yukawa type of couplings, as follows. 


sp. Theor. Fiz., 33, 537, 796 (1957); S. N. GUPTA: 


14) V. G. Socovrev: Zurn. Bk 
6 ); G. FEINBERG: Phys. Rev., 108, 878 (1957). 


Can. Journ. Phys., 35, 1309 (1957 
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As a starting point one assumes that strong interactions are certainly CP- 
invariant. One then looks if the requirements of the charge-state symmetries 
compel the theory to be invariant under C and P separately. It is found that 
for an interaction of a neutral boson (r°, for example), OP-invariance auto- 
matically leads to the separate C and P invariances. For charged pions inter- 
acting with the nucleons, this is not the case However, if one further assumes 
the interaction to be charge symmetric, then one does obtain the separate 
conservation of C and P This result holds for charged pions interacting with 
any baryon doublets, but nor for the Xz and the XAzx interactions (where 
the baryon is either a triplet or a singlet). For any of the K-interactions 
again, simple charge symmetry and (P-invariance do not lead to the separate 
conservation of C and P. 

In the doublet approximation, since all the baryons are doublets, charge 
symmetry is enough for the purpose of ensuring C and P invariances (!). 
We know, of course, that the doublet approximation is certainly unacceptable. 
So we do not consider it further, but look for some other conditions. 

Thus, when charge symmetry is hot enough (as for the XXx-interaction) 
one tries, as a next step, to see if the stronger requirement of charge indepen- 
dence leads to the desired result. In fact, under this requirement, the X&Xz:- 
interaction also becomes C and P conserving. Still this is not enough for the 
AXr-interaction and the various K-interactions. 

We notice that the stronger the charge-state symmetries, the more com- 
pelled is the theory to be parity conserving if CP-invariance is assumed. A 
stronger symmetry than the usual charge independence is present in our scheme. 
In fact, it allows the different baryons to be grouped into a single fermion 
described by a 32-component spinor, and their interaction to be written by 
using 32 Xx 32 matrices, which all possess a definite character of transposition: 


C= FOG = +0. 
For our 32-component spinor we have: 


A (MAE) 
(39) Xx) = CX" (x), 
X°?(x) = GEX"(— x). 


Using these operations we may obtain the transformation properties of the 


various terms of our Lagrangian density of Section 8. The results are pre- 
sented in Table IV. i 


(15) G. FEINBERG and F. GURSEY: Phys. Rev., 114, 1153 (1959). 
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TABLE IV. — Operators in the first column transform under P, C and OP with the signs 
shown in the table. 


mere NAN Mer fu 


Operator P 0 as 
| XX fs gi i 
XG;X t7 a 
XG,X ca L, DE Sì) e + (u = 1; DI 3) 
Aer A — (nu = 4) 
ST —(#= 4) 
K = 1 We Fi 
¥O,GFX; XO,GEtIX i 5 a De 
ne = 
4 aE DAI 
| Ered pa E: 
4 i is 
= = i 
KO. Got YO! Qkt1 - al ae 
DAR YO GET F è : % 
| 4 4 
| 
| Rat a » 
iy, oe Le 2 n 
XOLGEX; XOGX - a + a 
4 SÈ ae 
ee Ia j=l Li + 
CTX; XT," ZX 2 a aes fe 
3 ae int 
| hie ‘oak + am 
XT, GX XT jG,X 2 st sok Sf 


Further, under CP the K and the x fields transform as follows: 


(40) 


| Pr(X) (a ni Pl x), 


| I;(x) > ne lt (— x), 


where the n’s are phase factors with |n|*=1. 
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Let us now write the interaction Lagrangian density as parity violating. 
We consider here only one term for simplicity, as the proof is quite similar 
for the other terms: 


(41) LO = X[{,0,605+1,0,01X9p, + Xfi 2G PRO IX pr » 


with f,, f, complex. 


But: 
(41a) OE =DG, DOME Pi ai 
Therefore: 
(410) GO = X[F,Q,+iF,Q,GG5Xp;, 
where F,=f,+f*, F,=— if, — ff) are real coupling constants. It is there- 


fore Hermiticity for the Lagrangian, together with the inherent symmetries 
of the scheme expressed by conditions (41a) which compels the constants F, 
and 7, to be real. The proof now follows along the same line as in the case 
of a neutral boson interacting with a single baryon. Using Table IV and (40), 
we find that OP-invariance of (415) requires the conditions: 


(A= nF, 
(42) 
| 5, = ni F, : 
Therefore, either 
i= ©, 
or 
f= 05 


which means that the interaction must be parity conserving. 

Thus, if our theory is found to be supported by experimental data, we shall 
be able to conclude that the symmetries of the strong interactions are such 
that P invariance is not an independent requirement but follows automatically 
from CP-invariance. 


We should like to record our thank to Dr. S. N. Biswas, Dr. D. SANKA- 
NARAYANA and Mr. B. M. UDGAONKAR for many helpful discussions. One of 
us (N.D.) wishes to express his gratitude for the kind hospitality he received 
at the Tata Institute of Fundamental Research. 
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APPENDIX 


I. — To study the behaviour of the Hamiltonian under infinitesimal rota- 
tions in the 4-dimensional hypercharge space we give here an extension of a 
formalism for the 3-dimensional isobaric spin space due to KEMMER, POLKING- 
HORNE and PURSEY (!), which is based on an idea of HARISH-CHANDRA (18). 
For greater clarity, we shall first reproduce the formalism for the 3-dimen- 
sional isobaric spin space. 


Il. 3-dimensional isobaric spin space. — Consider the usual charge inde- 
pendent interaction Hamiltonian density for the pion-nucleon system, ignoring 
for the present purpose the space-time behaviour. This is enough to illustrate 
the formalism. We have 


(43) H = 97> Nx NI, 


where 


0 1 aoa Rois te 
Sol Die, erre el lai] 


Introduce the column matrix for the 7-mesons, 


(45) po — |r|, 


with the help of three row-matrice 1” (i—1, 2,3) such that 
(46) Iper =], 
Using (24) we have 


1 1 Tg mee oS rae: a) a 
(47) ex 05) par; (7 0 =) Ts (010) 


Also define the hermitian adjoint (column vectors): 
(48) TP=If", (j =1, 2, 3) 
We have then 
(49) oa PPT? = di. 

(16) N. KEMMER, J. C. POLKINGHORNE and D. L. Pursny: Rep. Prog. Phys., 22, 
368 (1959). 


11 - Il Nuovo Cimento. 
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We construct now three (3x 3)-matrices : 
4 (IT) 
TP SHIP STS Ta), 
3 7 (I) (7) 
(50) TP = lg LT Es 
TO = — HIP TY TE DE), 


Using (49) we see easily that 


(51) TOOT TT (i, j, k= eycl. 1, 2, 3), 
and 
(52) [OT EME, (i, j, k= cycl. 1, 2, 3). 


The 7 are, in fact, the isobaric spin matrices for the pion. Written expli- 
citly, 


: 2 
| = 0 
0 n 
(TT) pia 0 1 
Ti v2 v2 |? 
1 
0 foe 0 
i 
0 aci 0 
(53) i v2 
(nm) (7 0 (7 
ABS cs TE AZ 4 
i 
0 da 0 
2 
SER 
pes 2 |0. 4 Va iad 
| je I 


To prove algebraically the invariance of (43) under rotations in the iso- 
baric spin space, consider an infinitesimal rotation e about the jth-axis of 
this space. Under this rotation N, N and ®® transform to 


N =(1+}ier)N, 
(54) Veni SI 
om = (1 ai isT?)O™ ; 


and hence H transforms to 
3 
(55) H'= H+ gie > EN E(tit— t,t) NT EP 4 Nr NT TPE], 


which using the commutation relations for the 7; and the relations (52) gives 


(56) HR 
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| This proves formally the invariance of H 


and hence implies the conservation 
of the total isobaric spin of the system. 


I°2. 4-dimensional hypercharge space. — Let us now study the invariance 
| properties of the interaction (15) of Section 2 under rotation in this space, 


1° = 
(57) La = UF > D'or Vox: 
i 


We have already constructed in Section 2 the two sets of generators, Y, and 
Zi; (i=1,2,3) of infinitesimal rotations in the two 3-dimensional subspaces 
(the hypercharge-spin space and the hypernumber-spin space) of this 4-space. 
These operate on the Ÿ. For the K-field we introduce now the column matrix 


(58) pa — 


with the help of four row matrices [7 (Z=1,2,3,4) such that 


(59) TODP = @,. 
From (24) we see that 


I= (09), Des (One 0 0), 
V 

ALL E pei 
rp =(0 055 5), re =(0 0a) 


Introducing the hermitian adjoints of the Pes 


(60) 


I 


(61) To = a ; 
we see that 
(62) TETE = dar. - 


We construct now the six (4x4)-matrices: 


(E) 
i= 


Ie STES (TP TP TPT); 
2 \ 


aes) PP er Te rey (TT Tono], 


È (and the other four obtained by a eyclic permutations of 1, 2, 3). 
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Using (62) we see that 


VO v= VY dro, 
(64) (i, j, k = eyel. 1, 2, 3). 
TPS — IPIP = iZD.. 


Y® and Z® are respectively the hypercharge-spin and the hypernumber-spin 
matrices for the K given in the text by (20). It is again easy, using (62), to 
obtain the following relations 


a 
DE XK DE (E) je 
YY 5 Zi e Va 10 


1 
(K) W(K pe Al je s 
[PY ==> 4 î o ity 


(65) ; 
Teo ye pes Pen Gm == di Te , 


Li 


(4, 5, k = cyel. 1, 2,3). 


i 
D 7(E) E) yk (K) 
TZ == Ii 2° =a T's ; 


We now prove the invariance of (57) under rotations in the 4-dimensional 
hypercharge space. Since these are compounded out of rotations in the two 
3-dimensional spaces called here the hypercharge-spin space and the hyper- 
number-spin space, we shall eonsider here the latter. Under an infinitesimal 
rotation e about the i-th axis (î=1,2,3) in the hypercharge-spin space V, 
WY and DA transform into 


PI. =(1+isY)?, 
(66) yw = D(1—ieY,), 
| DI (L+ie y) DE. 


Then Y, transforms into 
4 DO = 
(67), Pr = Let+ieliF) > [Por Yioz) PTE EP + Vo,PTPYP EP]. 
K=1 


Using the commutation relations of the-w, (and the expressions of the Y; 
in terms of the ©x, (17), (18)) along with the relations (65) we verify that 


(68) Pr= x, 
proving thereby the invariance of , under rotations in the hypercharge-spin 


space. Similarly we may, by replacing above the Y’s by the Z’s, prove the 
invariance under rotations in the hypernumber-spin space. These then imply 
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the conservation of the total hypercharge-spin and the total hypernumber-spin 
of the system described by £. 


This method applied to the various cases considered in this paper. 


II. — To make the identity of our «effective » isobaric spin with the iso- 
baric spin assignments of the Gell-Mann-Nishijima scheme apparent to the eye 
we make the following unitary transformations (note that we are in the com- 
plately separated representation): 


Fo 
(69) APT ve ET E 
ae | 
20 
= 
| 


ss 


(70) DA > p PE) — 


‘Need ew 
Se 0 
vile} 
Cee ; 
1 tato 
(71) R= SO PONS An 
(| 0 0 O 
0 
a a es rà 
V2 V2 
0 0 0 1 
GE a 
| fee set. :0 
| PA 
È (72) ere "0". 1 
| er do 
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Then the transformed «effective » isobaric spin matrices are 


ia DI 
0 E sd 
Vid kel i = 1 1 SS 0: RESA 
2 0: 
0 —4/2 0 
0 se) 0 2 
a 0 4/2 0 
[0 wi 
ss 9 
0 —1: 0 
i 
(73) IMIR == TS 0: af 
> i 0 ; 
0 in/2 0 
0 — in/2 0 —wW/2 
0 iv2 0 
Lio 
Det 
LS 0 0 
Ripa OA 
i Oe i 
12.20) Di 
0 "0 OO 
A0 = 2 
RARE 
RSR = 1 - == M ===. 
2 i 
0 0 À: 
sele 0 
0 —i: à 
(74) honte] ae Oi 
2 le E 
De k x 
: 4 
LRU o 
rly — 1 ges iste 
2 ote 7 
"001 
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(73) are the LI direct sums » of the usual isobaric spin matrices for the doublet N, 
the doublet 5, the Singlet A° and the triplet X. (74) are similarly the direct 
sums of the isobaric spin matrices for the two K doublets. 


RIASSUNTO 


Il presente lavoro da uno schema delle interazioni forti dei barioni, che fin dal prin- 
cipio tiene conto delle differenti masse dei barioni ed ha inoltre un alto grado di sim- 
metria senza proibire alcuna delle reazioni veloci conosciute. Si fa uso soltanto del 
solito tipo di interazioni fermione-fermione-bosone. Si parte dai risultati già ottenuti 
nei lavori A e B (%), dove si era fatto uso della approssimazione di doppietto in cui i 
barioni sono raggruppati in quattro doppietti isobarici aventi la stessa massa. I quattro 
doppietti sono descritti con un singolo spinore a 32 componenti e le loro interazioni 
sono descritte usando delle matrici 32x32 che operano su questo spinore. In A la 
interazione K, tralasciando le differenze di massa, fu presa come invariante rispetto 
alle rotazioni in uno spazio euclideo quadridimensionale, detto spazio di ipercarica, 
dove i mesoni K descritti con quattro campi reali, sono considerati come le compo- 
nenti di un vettore di questo spazio. L'interazione x era naturalmente invariante 
rispetto alle rotazioni nell’usuale spazio isobarico tridimensionale. Significativi per 
questo lavoro sono i sei generatori delle rotazioni infinitesime nello spazio di ipercarica 
raggruppati qui in due trivettori appaiati Y, — operatori di ipercarica — e Z; — ope- 
ratori di ipernumero — (i= 1, 2, 3), che generano rotazioni infinitesime in due dif- 
ferenti sottospazi tridimensionali dello spazio di ipercarica e sono chiamati rispet- 
tivamente «spin di ipercarica e spin di ipernumero ». In A la differenza di massa fra 
N e E era introdotta aggiungendo all’interazione K un altro termine, tale che il 
Lagrangiano risultante non fosse più invariante rispetto alle rotazioni nello spazio di 
ipernumero. Nel presente lavoro viene compiuto l’ultimo passo per ottenere anche 
la separazione della massa della A e della Z. Questo è fatto prendendo per il Lagran- 
giano finale d’interazione x e K, una combinazione lineare del Lagrangiano originale 
di A, e di uno ottenuto da questo intercambiando le particelle fittizie Y° e Z° 
E (-LA)/y2 40 (27 — A°)/4/2). Con ciò soltanto quattro costanti indipen- 
denti {F, F1, g e b), sono introdotte nella teoria. Ne risulta che i vari termini del 
Lagrangiano finale hanno esattamente la forma dei termini del Lagrangiano di 
d’Espagnat-Prentki. La differenza è che ora le otto costanti di accoppiamento non 
sono indipendenti, ma.sono espresse in termini dei soli quattro parametri N, F1, ge b. 
Îl presente Lagrangiano non conserva ora nè lo spin di ipernumero totale, nè lo spin 
isobarico totale dell’approssimativo doppietto, ma conserva la quantità già ottenuta 
come somma vettoriale dei due, che viene chiamata «spin isobarico effettivo »: ciò 
ha esattamente lo stesso valore per le diverse particelle, di quelle dateci nello schema 
di Gell-Mann e Nishijima. Questo ci porta ad identificare lo spazio di spin isobarico 
con lo spazio di ipernumero e considerarlo come un sottospazio dello spazio di iper- 
carica quadridimensionale. Troviamo inoltre che la nostra teoria è separatamente inva- 
riante per le operazioni di coniugazione bosonica, spinoriale e di carica. Infine viene 
dimostrato che la simmetria degli stati di carica inerenti alla nostra teoria, sono tali 
che, assumendo la invarianza CP, se ne deduce automaticamente la conservazione 


della parità. 
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A Theorem on the Elimination 
of Contact Muon-Electron Interactions. 


N. CaBIBBO, R. GATTO and €. ZEMACH (*) 


Istituto di Fisica dell’ Università e Scuola di Perfezionamento in Fisica Nucleare - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 4 Febbraio 1960) 


Summary. — A general theorem on the elimination of possible contact 
muon-electron interactions is given which includes as particular cases 
a theorem by Cabibbo and Gatto and a theorem by Feinberg, Kabir and 
Weinberg for particular types of interactions. 


1. = Introduction. 


GELL-MANN and FEYNMAN have remarked (') that if one considers the 
expansion of a hypothetical muon-electron interaction in powers of momentum 
transfer, the decay rate inferred from the leading term of such an expansion 
by invoking gauge invariance is identically zero. Later, this result was shown (2) 
by two of us (N.C. and R.G.) to be contained in a general equivalence theorem. 
The theorem states that weak interactions of the form 


(1) B(oryy(0— ieA)(1 + y;)e(æ) +. c., 


(*) On leave of absence from Department of Physics, University of California, 
Berkeley, Cal. (U.5.A.). 

(7) M. GrLL-MANN and R. P. Feynman: Annual International Conference on High 
Energy Physics at CERN, edited by B. FERRETTI (Geneva, 1958), p. 261. 

(2) N. CaBIBBO and R. Garro: Phys. Rev., 116, 1134 (1959); see also R. Garro: 


Lectures at the International School of Physies in Varenna, June 1959 (to appear in 
Suppl. Nuovo Cimento). 
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where u(x) and e(x) denote the muon and electron fields, respectively, can 
be removed by a canonical transformation. The argument demonstrated the 
existence of a unitary matrix which transforms the (eight component) spinor y, 


? 


D LL 
A dg È 


in such a manner that the transformed Lagrangian no longer contains an 
interaction term of the type (1). Recently, FEINBERG, KABIR and WEIN- 
BERG (*) have noted the possibility of eliminating, by similar methods, hypo- 
thetical interactions of the form 


(3) — 9&(a) u(x) — E&(æ) y(0 — ie A) u(x) + H. c. 
or, alternatively, of the form 
(3') — cé(a)y; ula) — Eë(æ)yy5(0 — ieA)u(x) + H. c. 


to all orders in the coupling constants 9 and È. 

In this note, we present a generalization and unification of such arguments. 
The results described above appear as particular cases of a principle applicable 
to the most general renormalizable interactions of muons, electrons and pho- 
tons. Our principal theorem is stated and proved in the next section. The 
conclusion does not depend on any perturbation assumption. We do assume 
that the energy operator deduced from the Lagrangian is positive definite. 
The argument utilizes a theorem on the diagonalization of finite dimensional 
matrices whose proof is given in Section 3. 


9. — General form of the equivalence theorem. 
We consider a Lagrangian of the type 
(4) L a — ÿ{y,(0, — ieA,)(A + VB) à 0 oe iy, D]y — Aen rm a Li, ? 


where y is defined in (2). The two-by-two matrices A, B, 0 and D operate 
in the u—e space (which we shall call lepton space or, simply, L-space); 
— (1/4)F,, Eu is the free photon Lagrangian, and Y, is the Lagrangian for 
strongly interacting particles. We adopt the customary assumption that £, 
does not contain the electron or muon fields. ‘In order that Z be Hermitian, 


A, B, 0 and D must be Hermitian matrices. Then Eq. (4) represents the 


(3) G. FEINBERG, P. Kaprir and $. WEINBERG: Phys. Rev. Lett., 3, 527 (1959). 
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most general Lagrangian containing renormalizable interactions and neglecting 
weak interactions. 

We now assert that by means of a suitable non-singular matrix trans- 
formation in spin space and L-space, 


(5) yp=4Ty', 


the Lagrangian (4) may be brought into a form in which the electron and 
muon components of y’ are not coupled, and such that the electron and muon 
terms in Z are of the canonical type for spin 1/2 fields. 

It is convenient to use the projections a=+(1+ y;) and a — 4(1 —y;). 
Then 


(6) A+ By; =(A+ B)a+(4— B)a, 


(6) C+ iDy;=(0+iD)a + (0—iD)a. 


We assume that the energy operator is positive definite. It follows (4) that 

A-By; is positive definite. Since a and @ are orthogonal, we conclude from (6) 

that the two dimensional matrices A-+ B and A — B are positive definite. 
From (4), we obtain for the canonical momentum conjugate to y, 


(7) i we = ipt(A + y,B). ci - 
One may verify that the canonical anticommutation relations are consistent 
provided that 


(8) det (4 + y;B) = det(A— B) det (A + B)+0. 


Eq. (8) may also be regarded as the requirement that y does not obey an 
equation of constraint. Its validity is assured by the positive definite property. 
The matrix T of eq. (5) may, if it exists, be written 


(9) T oR "GS, 


where R and S act in L-space. We require that in terms of y’ and y’, de- 


RENTON SMALL TIE AT UT MT" 


(4) One may adopt the procedure used, for example, by N. N. BoGoLJUBOV: Intro- 
duction to the Theory of Quantized Fields, (New York, 1959) p. 123, for free spinor 
fields. One obtains the energy as an integral over terms of the type at (k)(A +By;): 
‘a4(k)|ko| where the a, (k) are essentially Fourier components of the operators yE(x). 


The relationship between the positive definiteness of the energy and of (A+By,) then 
follows directly. i 
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fined by 
(10) y = (aR +aS)y', 
(10’) ÿ = v'(aR' + aS"), 


the Lagrangian (4) assume the form 


(11) aw lye, A.) + My —4F 2, + 2, 


pv 


where M is a diagonal matrix in L-space. We demand that T be chosen so 
that the diagonal elements of M, which represent the electron and muon 
masses in the new representation, be real and non-negative. 

Inserting (10) and (10’) into (4) and comparing with (11), we infer the 
following conditions on À and S: 


(12) (As BB = A1, S'(A = B)S 1... 
(13) S'(C + iD)R = M, R'(C — iD)S = M. 
The two equations of (13) are Hermitian conjugates of each other; therefore 
only one of them need be considered. 
We first construct R and S so as to satisfy (12). Let V, and V_ be the 


unitary matrices which diagonalize the (Hermitian) matrices A+B and 
A—B. Thus 


(14) Vi (A+3B)V,=G,, V-(A-B)V_=G,, 


where @,, G are diagonal and positive definite. We also introduce the two 


matrices 


1 


(15) Dee Gt T= (GT. 


We then observe that if U, and U_ denote arbitrary unitary matrices, the 
choices 


(16) NÉE ON EN IE Se VoL UL 
satisfy eq. (12). With these choices, the first equation of (13) becomes 
(17) UT VC +iD)V, T;]U, = M. 


The existence of unitary matrices U, and U_ which satisfy (17) is a direct 


consequence of a theorem we prove in Section 3. Therefore, the existence of 
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R and S, and hence of T is also proved. Since V_, T,, and U, are non- 
singular, R, S and hence T are likewise non- singular DI possess inverses. This 
establishes the theorem. 

We now comment on-the interpretation of the theory. We suppose that 
a non-singular operator 7 corresponds to the matrix T in the sense that 


(18) POT =e Pope. 


Let P, be the four- momentum operator constructed from (4) and let Pi be 
the corresponding operator constructed from (11). Then P, = peo it Lo ‘One 
sees that 


(19) P,P |e) =— pl 


has solutions corresponding to the eigenvalues u° = mi, u° — mi, where m, 
and m, are the diagonal elements of the non-negative matrix M. Hence PP, 
has eigenstates T-1|x> with the same eigenvalues — u?. The theories defined 
_ by (4) and (11) are completely equivalent and both describe the same phy- 
- gical situation. The form (11) has the advantage of corresponding to the 
simplest limiting relation between the interpolating Heisenberg field wy’ and 
the asymptotic «in » fields e*”(x) and (x). This remark aids in clarifying 
the question of the formal interpretation of symmetry operations in the theory 
(such as parity, time inversion, universality, etc.). For instance, the Lagran- 
gian (4) is invariant under space inversion even if A, C and B, D are simul- 
taneously non zero; it is also invariant under time reversal even if A, B, C, D 
are not all real, etc.: the point is that such symmetry operations nave a direct 
interpretation on the asymptotic fields and they must be correspondingly 
redefined when the interpolating Heisenberg fields do not satisfy the proper 
limiting conditions. 


3. — A diagonalization theorem for finite dimensional matrices. 


We recall two simple facts about finite dimensional matrices: 


(i) If the matrix Q commutes with its adjoint, it is diagonalizable by a 


unitary transformation ; 


(ii) If F is an arbitrary matrix, the matrices FF* and F*F have the same 
eigenvalues. 


The equation QQ* = Q*Q implies that the Hermitian and skew Hermitian 
parts of Q commute and hence can be diagonalized by the same unitary matrix. 
Then @ itself is diagonalized by this matrix, confirming (i). To verify (ii), we 
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note that the eigenvalues are determined by the equations 


(20) det (FF*— 1) = 0 
and 

(20) det (F*F — AI) —0. 
If det F +0, 


det (FF*— AI) = det F det (F'— AF) = det (F"F — AD), 


so that eq. (20) and (20’) are identical. If det F = 0, we define F(e) = F— el. 
For all «+0 in a small interval around e=0, det (e) #0 and hence 
det (F(e) F*(e) — A1) = det (F*(e)F(e)— ZI). This is a relation between two 
polynomials in e and in the limit e > 0, we obtain the desired result. 

We now prove the diagonalization theorem. 


Theorem: For any matrix F there exist unitary matrices U, and U, 
such that 


Uo FU, =Z, 


where Z is a non-negative definite diagonal matrix. 


Proof: Let W, and W, be the unitary matrices which diagonalize the 
Hermitian matrices FF* and F'F. Since these matrices have the same eigen- 
values, one can choose W, and W, so that 


(21) WF FW, = W; FFM, 


Let us define Q—W,'FW,. It follows that Q* = W;!F'W, and (21) can be 
written 


(22) QQ* =Q'0. 

Therefore, by (i), there exists a unitary matrix V such that 
3) 7 QV = VOW RW (MN FORT) = 2, 
where Z' is diagonal. One can always write Z' in the form 
(24) | = BY, 


where Z is the diagonal non-negative definite matrix obtained by replacing 
the elements of Z’ by their absolute values, and V' is diagonal and unitary. 
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Tf now one takes 


AA 
U, = M VV) 
one finds 
DIEU, = (WP) PONV = AIT 
as desired. 


RIASSUNTO 


Viene dimostrato un teorema generale che permette l’eliminazione di eventuali 
interazioni locali p-e e che contiene come casi particolari un teorema di Cabibbo e 
| Gatto ed un teorema di Feinberg, Kabir e Weinberg. 
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5-7 Directional Correlation in ‘Eu. 


S. K. BHATTACHERJEE and S. K. Mirra 


Tata Institute of Fundamental Research - Bombay 


(ricevuto il 19 Febbraio 1960) 


LA 
Summary. — The directional correlation between the first forbidden 
1483 keV f-group and the 344keV #2 y-transition in the decay of 
13-year *?Eu has been measured as a function of B-energy above 950 keV. 
The integral B-y correlation data for 8 energies above 950 keV can be 
fitted with a directional correlation function 


W(0) = 1 — (0.379 + 0.004) cos? 0. 


The anisotropy is negative and is found to increase with f-energy, its 
value is —0.416+0.012 at 1350 keV, the maximum energy at with 
measurements were made. The energy dependence of the anisotropy 
excludes the unique character of the f-transition. The observed energy 
dependence of the anisotropy is fitted with the (V— A) theory in the 
modified B,; approximation yielding two values of the matrix element 
ratio Y= — (O,/C,4)(fia/fB,;) & 1.05 or 0.09. The former value of Nes 
however, reproduces closely the spectral shape recently observed for 
the 1483 keV f-group. 


1. — Introduction. 


Earlier measurements of the shape of the highest energy f-group of 
1483 keV in the 13-year Eu have suggested that the spectrum has an 
«unique » shape (+?) or an «allowed » shape (*). Recently LANGER et al (*), 

(1) J. M. CoRK, M. K. Brice, R. G. HrimeR and D. E. Sarason: Phys. Rev., 107, 


1621 (1957). 3 | 
(2) S. K. BHATTACHERJEE, T. D. NAINAN, S. Raman and B. Sanat: Nuovo Cimento, 
7, 501 (1958). 
(3) D. E. ALBURGER, 
(4) L. M. LaxGer, D. R. SMITH an 


(1959). 


s. Orer and M. GoLpHaBER: Phys. Rev. 112, 1998 (1958). 
d M. P. Kern: Bull. Am. Phys. Soc., 4, 426 
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using a high resolution spectrometer and employing a relatively thin source, 
have found that the shape is neither «allowed » nor « unique ». The spin of 
the ground state of !5*Eu has been measured (5) to be J= 3. The log (ft) value 

for this transition is about 


CI 12- which is abnormally 
3 Byr high for a first-forbidden 
transition of AJ =1, Yes 
\ type. 
\ Log #=109 The 1483 keV 6-group 
ee leads to the 1st excited 
state of 15°Gd at 344 keV 
1.24 3- which has character 2* 
Log /#=121 TL and which deexcites by a 
23% pure E2 transition (?). The. 
partial decay-scheme of 
E 756 2+0r4+ 13 yr. !5*Eu decaying to 
1483 | Logf#=120 levels in 15*Gd by 6-emis- 
12% 411.2 sion is shown in Fig. 1. 
The present experiment 
aims at determining the 
3443 2+ ‘ - : 
B-y directional correlation 
rash anisotropy, if any, in the 
1483 keV B > 344 keV y- 
DIA ERI Aa 0. cascade of sequence 3-(f)- 
1526d -2+(y)0+. An inspection of 
es the decay scheme will re- 
Fig. 1. — Partial decay-scheme of Eu. For full veal that this experiment 


decay-scheme see Fig. 1 of ref. (°). can the Guta ee 8 


energies of 1000 keV and 
above without any interference from other inner $-groups. The K-conversion coe- 
fficient and K/L ratio measurements on the 344 keV y-ray (+2) have established 
the character of the y-ray to be a pure electric quadrupole type. A {-y direc- 
tional correlation experiment will unambiguously establish whether the 6-decay 
is «unique » or «non-unique », since « unique » character of the transition will 
give an « unique » energy dependence of the anisotropy (see Eq. 4). Most of 
the non-unique first forbidden transitions have an allowed shape f-ray spec- 
trum, which is explained by the fact that the shape correction factor is constant 


(5) M. ABRAHAM, R. Kepsre and C. D. JEFFRIES: Phys. Rev., 108, 58 (1957); 
MANENKOV, PROKHOROV, TRUKHLIAEV and IagkovLov: Dokl. Akad. Nauk. SSSR. 
112, 623 (1957); Translation: Sov. Phys. « Doklady », 2, 64 (1957). 

(5) 0. NATHAN and $. HuLrBERG: Nucl. Phys., 10, 118 (1959). 
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in the € approximation (**) in which only the first non-vanishing term is kept 
in the expansion in descending powers of the Coulomb energy factor éÉ(=xZ/20), 
where o is the nuclear radius measured in units of the electron Compton wave- 
length. However, in cases where there is a « cancellation effect » or a « selection 
rule effect » (*) the above approximation seems to lose validity and deviations 
may occur. The observation of these deviations means detection of higher 
order contribution in the é-expansion. The observation of a {-y directional 
correlation anisotropy is a means of detecting such deviations. Further, these 
cases offer valuable relations among the nuclear matrix elements. 

Following KOTANI (°), one can state that the f-y directional correlation 
is expressed by the relation 


(1) W'(0, E) =1 + eP,(cos 0), 


where e is the correlation coefficient, 9 is the angle between f and y-rays, 
P.(cos 0) is the Legendre’s Polynomial and E is the kinetic energy of the 6- 
particle. Equation (1) can also be expressed as 


(2) W(0, E) =1+a(E) cos? 6, 


where a(E) is called the anisotropy. 
Experimentally one determines the anisotropy a(E), where 


4 ES Ms L— 


€ 


tole | 


where W(0, E) is proportional to the f-y coincidence rates. The correlation 
coefficient e is predicted theoretically. 


2. — Experimental procedure. 


The source used for the present work was produced by bombarding enriched 
151Ku (92 per cent) with thermal neutrons in the Oak Ridge National Laboratory 
Reactor. The source was deposited on a 0.6 mg/cm? mylar foil over a diameter 
of about 3mm. The foil was mounted on a thin perspex ring used as source 
holder. The source holder was carefully positioned at the centre of the angular 


correlation table. y-rays ware detected by a 1 in. thick x1 3 in. diam. Nal(Tl) 


(7) T. KOTANI and M. Ross: Phys. Rev. Lett., 4, 140 (1958), eq. (5). 
(8) T. KoranI and M. H. Ross: Phys. Rev., 113, 622 (1959). 
(9) T. Koranr: Phys. Rev. 114, 795 (1959). 
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crystal placed at a distance of 7 em from the source. The crystal was viewed 
by a Dumont 6292 photomultiplier. A 0.7 g/em? lead absorber was used to 
stop all X-rays and low energy y-rays which otherwise would unnecessarily 
load the electronic system. The crystal was also surrounded on the sides by 
0.7 g/cm? lead sheet. Resolution for the 661 keV y-ray of 127Cs was about 8%. 
The y-counter was used as the movable counter and the fixed y-counting rate 
was constant to about 1% over all angles. The 344 keV photopeak was accepted 
in the y-channel with a narrow window of 70 keV. To detect B-rays an anthra- 
cene crystal 13 in. diam. x} in. thick and a Dumont 6292 photomultiplier 
were used. This crystal was placed at a distance of 4.5 cm from the source 
and it was covered by a 3 mg/em° aluminium foil in the front. Resolution 
for the 624keV K-conversion electron line of !*70s was about 18% (with 
80 keV window in the single channel analyser). 

The electronic system consisted of a fast-slow coincidence arrangement 
with single channel pulse height analysers for energy selection. The equipment 
was capable of handling high counting rates. Blocking oscillators have been 
used as pluse-shapers in the fast coincidence circuit. A resolving time of 
2-10-8 s was used in the experiment and found to be very constant over long 
periods of time. Chance coincidences were measured from time to time by 
inserting a delay of 0.3 us in either of the fast channels. The number of 
random coincidences was about 20% of the total number of coincidences in 
most of the measurements. : 

In the integral anisotropy measurement, coincidence rates were determined 
at several angular settings in the range 90° to 270° in steps of 15°. At each 
angle, a certain fixed number of coincidence counts was coliected and the time 
taken for the same was noted. The individual channel counts accumulated 
during this time interval were also recorded. The latter enable us to deter- 
mine the channel counting rates at every setting. The net coincidence rates 
were normalized to the channel rates to correct for any positioning error of 
. the source and also small statistical drifts in the analysers. The corrected 
true coincidence counting rates for pairs of angles symmetric about 180° were 
averaged. 

In the differential anisotropy measurements, readings were taken at 90°, 
180° and 270° only. In this case, the number of coincidences collected in a 
fixed period of time was observed. Measurements have been made at eight 
B-energies: 950, 1000, 1050, 1100, 1150, 1250, 1300 and 1350 keV with 
a 80 keV window in the pulse analyser. The energy setting was varied randomly 
and the time devoted to collect coincidences was correspondingly adjusted. 
A normalization procedure similar to that adopted in the integral anisotropy 
measurements was followed in this case also. 

A y-y coincidence background of the order of 10% of the gross coincidence 
rate was found to be present up to (1100) keV (see Fig. 2 and also the decay 
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scheme in Fig. 1 of ref. (‘)). This was measured by putting a 0.9 g/em? Al 
absorber, which would stop all the B-rays, in front of the B-crystal. The Y-Y 
background coincidence rates and random coincidence rates were subtracted 
from the gross coincidence rates to give the genuine coincidence rates. 


400 
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Fig. 2. — Eu f-spectrum observed with an anthracene crystal spectrometer with 


80 keV window in the analyser. The calibration points (1), (2), (3), (4) and (5) are 
described in the text. 


For B-energy calibration, the following standards have been used: 


1) 330 keV K-conversion line of the 411 keV y-ray in !**Au observed 
in coincidence with the 960 keV B-ray group. 


2) 478 keV Compton edge of the 661 keV y-ray in *7Cs. 


3) 624keV K-conversion line of ™’Cs observed in coincidence with 
K X-ray. 

4) 1483 keV end point in the $-spectrum of "Eu. 

5) 1860 keV end point in the f-spectrum of ‘Eu. 


The energy calibration is shown in Fig. 2. 
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The integral correlation data were analysed by Rose’s method (19) to eva- 
luate the values of the coefficients and the errors. The differential anisotropies 
were calculated from the 90° and 180° coincidence data. The errors shown are 
the statistical errors. Errors in chance measurements and y-y background 
coincidence measurements have also been taken into account. 

The following corrections have been applied to the experimentally observed 
anisotropies: 


i) Geometrical correlations. — For the geometry used in the experiments (6 
crystal 4.5%, y crystal 1.8%), the correction for angular resolution is impor- 
tant. For the y-counter, the correction was carried out using the correction 
tables of Rose (1°). The correction for the f-counter was calculated using the 
formulas of Rose (1°) and Breitenberger (1). The geometrical correction amounts 
to 15% of the anisotropy. Correction due to finite extension of the source has 
been neglected. 


ii) Correction for finite B energy resolution and backscattering. — The line shape 
for the 624 keV K-conversion line was found to be very nearly Gaussian even 
with a 80 keV window. The resolution at all other energies were calculated 
assuming that the response of the phosphor-photomultiplier combination is 
statistical and that the line shapes are Gaussian. These corrections were 
carried out using the method due to Freedman et al. (1°). In the energy region 
of interest this correction is of the order of 1%. 


iii) Extra-nuclear field effects. — The 344 keV level in *°Gd is known to be 
vibrational in nature and hence one expects that it will have a life time less 
than 10-!° s. So it is very unlikely that there will be any perturbation due to 
extranuclear fields. Besides the y-y angular correlation coefficient of the 
(780 +344) keV cascade, as measured by Wiedenbeck (%), agrees well with the 
theoretical value for a 3-(H1)2+(H#2)0* y-y cascade where the 344 keV state 
enters as the intermediate state. Heñce the contribution due to any extra- 
nuclear field effect is assumed to be negligible in the 6-y correlation also. 


iv) Inner bremsstrahlung effect. — Inner bremsstrahlung of high energy 

| B-rays may give rise to a photon associated with a @-particle having the 
remaining energy. This would cause a coincidence and may simulate a 6-y cor- 
relation if the energies are appropriate e.g. a photon with energy around 344 keV 
and a remaining f with energy above 950 keV. The relative number of LB. 


(0) M. E. Rose: Phys. Rev. 91, 610 (1953). 
(11) E. BREITENBERGER: Proc. Phys. Soc. (London), 66 A, 846 (1953). 
(2) M.S 
Inst., 27, 716 (1956). 
(13) R. W. Lipe and M. L. WIEDENBECK: Phys. Rev., 113, 840 (1959). 
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photons per B-decay is quite small and in our case only a fraction of the 
6-rays (with energy > 1300 keV) can cause a coincidence. Besides the angular 
correlation of I.B.-8 as observed by Novey (14) is strongly peaked around 30° 
and falls off sharply and there is no I.B. at angle 180° to the betas. All 
these go in reducing the I.B.-8 anisotropy such that it is very much within 
the errors of our anisotropy measurements and is therefore neglected. 


3. — Results. 


To check that there is no instrumental asymmetry the $-y angular corre- 
lation in ‘Co was observed accepting all B-rays above 200 keV in the 6-channel. 
The correlation function (uncorrected for geometry) obtained from a least 


80Cog-y Anisotropy 
+ = È ra Lo + 
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Fig. 3. — Integral B-y anisotropy in “Eu with f-energy above 950 keV. 


(14) T. B. Novy: Phys. Rev., 89, 672 (1953). 
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square fit (*) of the experimental results is 
W'(0)=1+ (0.007 + 0.008) P,(cos 6) . 


The experimental anisotropies are shown at the top of Fig.3. Within the limits 
of experimental errors there is no observed anisotropy. It is thought however 
that “Co is not a very good standard for this purpose because the {}-energy 
‘ is very low and the experiment was done in air. The correlation could be affected 
by the scattering of betas in air. In !5*Eu experiments, however, this effect 
is assumed to be negligible as our B-energy is above 950 keV. 


3'1. Integral anisotropy. — The integral B-y anisotropy in !5*Eu was observed 
accepting B-particles of energy > 950 keV. In 1°?Eu there is an inner 8 group 
' (see Fig. 1) with an end point energy of 1070 keV whose intensity is about 
6 times less than that of 1483 keV. The contribution due to this group in 
‘the integral correlation data will be small above 950 keV compared with the 
1483 keV f-group (less than 1%) and is therefore neglected. 

The observed correlation function, using only the P.(cos 0) term is 


W'(0) = 1 — (0.244 + 0.003) P,(cos 0) . 
A least square fit taking the P,(cos 0) term also into account gives 
W'(0) =1— (0.240 + 0.003) P,(cos 0) — (0.008 + 0.003) P,(cos 0) . 


The small value of the coefficient in the P,(cos 0) term as compared to that 
in the P,(cos 0) term indicates that the parity of 15*Eu is odd (*). After cor- 
recting for geometry, the correlation function is 


W'(0) = 1 — (0.289 + 0.003) P.(cos 0) . 


The experimental anisotropy 


is plotted as a function of cos? 0 in Fig. 3. 
The observed anisotropy is 


SR — 0.326 + 0.004 
W(x/2) De an i ; 


The value after geometrical correction is 


a = — 0.379 + 0.004. 
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3 = Differential anisotropy. — These experiments were done at the energies 
PR ten earlier with a 80 keV window in the analyser. The observed diffe- 
rential anisotropies, after making all corrections as mentioned above are plotted 
as a function of f-energy in Figs. 4, 5 and 6 (*). 
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Fig. 4. — Differential @-y anisotropy in 12Eu. The vertical flags of the experimental 

points represent statistical errors. The theoretical energy dependence of the anisotropy 

for cascades 4-(8)2+(y)0t and 3-(8)2+(y)0* assuming unique transitions in both cases 
are also shown. 


Integration of these anisotropies over the beta spectrum in the energy 
range > 950 keV gives a=— 0.377 in comparison with a= — 0.379 +0.004 


obtained in the integral correlation experiment. 


(*) It has been recently brought to our notice that a preliminary measurement 
has been made on the B-y angular correlation at about 1100 keV f-energy of the 
1483 keV group with 344 keV y-ray (H. Duraxey, L. D. Wyzy and C. H. BRADEN: 
Bull. Am. Phys. Soc., 4, no. 6, 391 (1959)) and they report a negative anisotropy of 
approximately 0.35. Our experimental anisotropy at 1 100 keV, without any correc- 


tion is — 0.340 + 0.014. 
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4, — Discussion. 


Recently KorANI and Ross (*), KOTANI (*), MORITA and MORITA (15) have 
discussed in great detail the theory of first forbidden f-transitions. In inter- 
preting our }-y directional correlation results we shall follow Korant (*), who 
has given explicit expressions for the {-y correlation coefficient e and the 
shape correction factor C(W) for the f-y cascade of sequence 3-(B)2*(y)0*. 
We shall assume V—A theory, the two component neutrino theory (©, = A 
and C,= 0,) and the validity of time-reversal invariance in f-decay. 

KOTANI (°) argues that in order to explain the abnormally large log (ft) 
value of about 12 for the 1483 keV @-transition one may assume a large selec- 
tion rule effect due to K-forbiddenness (1). Such a selection rule effect has 
a tendency to inhibit the first forbidden matrix elements of rank 2— 1 like 
fox r, fr and fa in comparison to the matrix element of rank À = 2 like [Be 

Supposing that the selection rule effect is complete we shall have only 
the B,, matrix element present in this decay. In such a case the 8-y directional 
correlation coefficient e will be given by (*) 


2 Fi: Ap? 
= 
‘ 


3 °F [i — Wt A] 


and the spectral shape is unique 
(5) C(W) = — [(W.— W)? + Ap°]. 


Here 2, and 4, of eq. 8 contain Coulomb corrections of («ZW/p)? and are tabu- 
lated in Tables I and IT of ref. (°). 

In Fig. 4 the experimental differential anisotropies a(Z) are plotted as 
a function of electron energy E. The observed anisotropies have the correct 
sign but not the magnitude for a pure B;; type of B-transition in the 3-(B)2+(y)0+ 
sequence. In Fig. 4 is also shown the expected energy dependence of 8-y aniso- 
tropy for a sequence 4-(8)2+(y)0* sequence as given by the equation 


Ayp? 
[(Wo— W)? + AP | i 


(6) à = 


and shape is unique as given by equation (5). 


(5) M: Morira and R. S. Morrra: Phys. Rev., 109, 2048 :(1958). 


(8) G. ALAGA, K. ALDER,;A. Bone and. B: R. Morreson: Kgl. Dan. Videnskab. 
Selskab. Mat.-fys. Medd., 29, no. 9 (1959). 
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The sign and magnitude of the observed @-y anisotropies rules out a 4- 
character to the !5*Eu ground state (+2). 

An examination of Fig. 4 suggests that in this f-transition we have to 
consider the effect of matrix elements of rank À—1 in addition to B;;. 
Korant (*) points out that the quantitative results for each observable in this 
B-decay may be characterized by the so-called « modified B,, approxima- 
tion ». The value of £(—xZ/20) is equal to 13.8 in this transition as Z = 63 
and op = (1.2-10-13A})/(%/me) and « = 1/137. £ is much greater than W,=3.902. 
Further, if a selection rule effect of the type of K-forbiddenness operates in 
this decay, it will increase the contribution of B,; in comparison to other first 
forbidden matrix elements. Hence one is perhaps justified that the modified 
B;; approximation is valid for this f-transition. In the notations of KOTANI (°) 
the following matrix elements enter into this transition: 


(7) gal, LE, b= b=, 
where 
qu = c.fio RTS ne 0;|r : 
te ee 0, {ia rank A=1 
Me of Bo rank À = 2 


and E £4(7) with A=1 or 2. 
In this modified B,, approximation, the f}-Y anisotropy co-efficient is given 
by KOTANI (°) 


3 (1/7)A. Y + (1/42)A,W 
IT 6 = PJ") aw) 


where the shape correction factor to the @-spectrum is given by 
(9) CW) = V+ [(Wo— W)? + Ap? - 


An expression for the anisotropy a(W) can be obtained by using equation 
(3). In eq. (8) Y appears quadratically, so for each value of e there are two 
values of Y. Comparison of eq. (9) with the experimental shape factor (*) may 
decide which value of Y is appropriate to this decay. 

The theoretical expression for a(W) for any particular B-energy if equated 
with the experimental value and solved for Y, will give two values, say Yi 
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. Fig. 5. — Differential B-y anisotropy data in Eu fitted with different values of matrix 
element ratio Y in the range 0.90—1.20. 


and Y,. There will, in general, be some ranges of values for Y, and Y, due 
to scatter of experimental points. The fitting of the observed energy depen- 
dence of B-y anisotropy can be done by putting in eq. (8) various values of 
Y, and Y, from their respective ranges. Figs. 5 and 6 show such fittings. It will 


toys 006 
iy = 0 07 
m y = 0.09 
w y=0.11 


- 035 


-040 


- 045 


AE = 80 keV 


End point 


—050 


TE a 
800 900 1000 1100 1200 1300 1400 1500 


Fig. 6. — Differential 8-y anisotropy data in 12Eu fitted with different values of 
matrix element ratio Y in the range 0.05--0.11. 
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be seen from these figures that Y ~ 1.05 and Y ~ 0.09 give the best fit to 
the observed anisotropy. | 

In Fig. 7 we have plotted e(p?/W)-1 as a function of B-energy E. KOTANI (°) 
points out that such a plot brings out clearly the effect of deviations from the 
£-approximation since in the é-approximation e has energy dependence pro- 
portional to (p?/W) (see eq.(11) of ref. (*)). Theoretical plots for Y = 1.05 
and Y= 0.09 calculated from eq. (8) are shown; also such a plot for the 
« unique » (B;; only) transition for a 3-(8)2+(y)0+ sequence has been shown 
Our results establish that the 1483 keV f-transition is a «non-unique » one. 


RE Unique 


= 0/09 


I y = 1.05 | 


-0.10 


Ì 
20-12 
AE = 80 keV 
End point 
ail oS na =! dia a i suid di 
800 900 1000 100 1200 1300 1400 1500 


Ep” (keV) 


Fig. 7. — The quantity e(p?/ W)-? plotted against the f-particle energy E. The three 
solid lines represent the theoretical value corresponding to unique transition, Y=0.09 
and Y=1.05 respectively. 


In Fig. 8 we have plotted the numerical values of the experimental shape 
correction factor C(E) for B-energies from above 1100 keV as given recently 
by LANGER et al. (*) 


(10) C(E)=(W,— W)?+0.791p? +5 +2. 
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The shaded portion shows the plot of the above equation within its limits 
where W, is taken to be 3.902 corresponding to maximum energy of the 6- 
particle of 1483 keV. The theoretical C(W) as given by eq. (9) 18 plotted 
‘for Y—1.05 and Y= 0.09 and these values are normalized with the mean 
experimental values of C(E) at two energies; e.9., at 1 100 keV and 1300 keV. 


eee 


= 


\y =0.09 and Unique 


{ Y=1.05 
Wo Lu + 
©) 
10.0 | a È: 
End point 
nai CI L 4 
1100 1200 1300 1400 1500 


Fig. 8. — The shaded portion represents the experimental shape correction factor within 

its limits as given by LANGER et al. (4) eq. (10). The two dotted lines correspond to 

the two values of Y normalized at Eg=1100 keV. The solid lines correspond to the 
two values of Y normalized at Eg=1300 keV. 


The unique shape correction factor eq. (5) which has been observed earlier (12), 
is also plotted, which is, however, indistinguishable from the plot of eq. (9) 
with Y ~ 0.09; 4.6. even though this f-transition is a non-unique one the shape 
may be very much like that of a «unique » one. However, the slope of the 


graph corresponding to Y ~ 1.05 perhaps agrees better with the experimental 
shape of LANGER et al. (*). Ke. 
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5. — Conclusion. 


Thus, we conclude that the 1483 keV f-transition in 13-year !5*Bu is non- 
unique; the energy dependence of the observed {-y anisotropy above p-energy 
of 1 MeV agrees, within the limitations of the « modified B;; approximation » 
to a sequence 3-({)2+(y)0+ with the matrix element ratio Y 1.05 or 0.09; 
the former value of Y reproduces closely the spectral shape correction factor 
experimentally (+) determined. 


* KOK 


We like to thank Drs. K. Kumar and V. Gupta for helpful discussions 


RIASSUNTO (À) 


Si è misurata, in funzione della energia 6 al di sopra di 950 keV, la correlazione 
direzionale fra il primo gruppo proibito di 1483 keV e la transizione y E2 di 344 keV 
nel decadimento del !5°Eu (13 anni). I dati della correlazione integrale B-y per energie 
@ al di sopra di 950 keV può essere rappresentata con una funzione di correlazione 


direzionale 
wo) = 1 (0.379 + 0.004) cos? 0 . 


L’anisotropia è negativa e si riscontra che cresce con l’energia f, il suo valore è 
— 0.416 + 0.012 a 1350 keV, energia massima alla quale vennero eseguite misura- 
zioni. La dipendenza dell’anisotropia dall’energia esclude il carattere unico della tran- 
sizione 8. La dipendenza osservata dell’anisotropia è rappresentabile con la teoria (V—A.) 
nella approssimazione modificata B;; che da due valori del rapporto fra gli elementi 
della matrice Y= — (C7/0)(fia/{Bi) = 1.05 0 0.09. IL primo valore di Y, comunque, 
riproduce bene la forma dello spettro osservato di recente per il gruppo f di 1483 keV. 


(*) Traduzione a cura della Redazione. 
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(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


Considerazioni sui limiti di applicabilità 
del metodo degli atomi nelle molecole. 


E. ABATE 


Istituto Nazionale di Fisica Nucleare - Sezione di Milano 
Gruppo di Fisica dei Solidi del OC. N.R. - Milano 


(ricevuto il 7 Gennaio 1960) 


® 


Il modo più semplice di affrontare i problemi molecolari è quello delle approssi- 
mazioni « ad elettroni singoli ». Si scelgono come funzioni base, o di approssima- 
zione zero, prodotti antisimmetrizzati di funzioni monoelettroniche e si esprime un 
particolare stato molecolare y, come combinazione lineare delle funzioni F scelte 
come base: 


1) => Frew. 
b 


(due tipi di funzioni base frequentemente usate sono quelle AS MO e quelle HLSP). 
I coefficienti c,, vengono determinati con un metodo variazionale e l’energia E, 
dello stato y, si trova come la soluzione più bassa dell'equazione secolare 


(2) IH—-E,M|=0, 


dove H ed M sono rispettivamente la matrice hamiltoniana e la matrice di sovrap- 
posizione nello schema scelto. In particolare nello schema ASMO la matrice M si 
riduce alla matrice unità ed H, è l’autovalore più basso della matrice H. 

Con procedimenti di questo tipo si possono calcolare le energie elettroniche che 
competono ai diversi stati di una molecola, e quindi le energie di eccitazione, che sono 
confrontabili con le frequenze sperimentali. I risultati, per quanto riguarda le energie 
di eccitazione, non sono in genere molto soddisfacenti per effetto delle cosiddette 
«energie di correlazione » e il divario tra i valori calcolati e quelli osservati è spesso 
notevole (per il litio si trovano discordanze di circa il 40%). 

Il metodo degli atomi nelle molecole (7?) si propone di ridurre tale divario tenendo 
conto in modo corretto delle energie di correlazione nei sistemi di atomi separati. 


(1) W. MOFFITT: Proc. Roy. Soc., A 210, 224 (1951). 
(*) W. Morrirr: Proc. Roy. Soc., A 210, 245 (1951). 
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Si consideri l’operatore hamiltoniano come somma di due parti: 
(3) H = KH, ur V, 


di cui 7, è Vhamiltoniano relativo al sistema di atomi considerati a distanza infi- 
nita e Y l’operatore corrispondente all’interazione degli atomi per la formazione 
della molecola. La matrice H si può scrivere allora: 


(4) H=4(MW+WM)+}V+V}), 


dove W e V sono le matrici corrispondenti a 7 e V nella base scelta. 

La correzione di Moffitt consiste nel sostituire alla matrice W teorica la matrice 
diagonale che ha come elementi le energie « corrette » dei prodotti atomici o ionici 
di dissociazione negli « stati di valenza » corrispondenti alle funzioni molecolari con- 
siderate. Tali energie « corrette » si possono ricavare o da calcoli atomici completi 
o da dati sperimentali. Applicando la correzione nello schema ASMO (in cui M=1) 
per gli elementi di matrice corretti si ottiene la formula: 


(5) H ce teorica pic (ppi pyres è 
Nello schema HLSP invece la correzione diventa: 
(6) H = H°+4{MW°-— Ww’) + (W°— W") MS. 


Questa seconda forma, proposta nel secondo articolo di Moffitt sull’argomento (?) 
è preferibile alla (5) perchè la correzione di Moffitt è più nello spirito dell’approssi- 


mazione HLSP che in quello dell’approssimazione ASMO. La correzione, per ogni . 


funzione molecolare, infatti, è fatta partendo da considerazioni sui suoi prodotti 
di dissociazione, e, nello schema ASMO, i prodotti di dissociazione non descrivono 
completamente il contenuto atomico di una funzione molecolare. D'altra parte è 
più comodo usare come base le funzioni ASMO data la maggiore ricchezza di inte- 
grali tabulati; l’applicazione della (6) implica quindi il calcolo degli elementi della 
matrice 7 di trasformazione dalle funzioni HLSP alle ASMO. 


Applicando il metodo qui richiamato alle molecole di ossigeno, di etilene, di 


alcuni composti aromatici (19), MOFFITT e collaboratori hanno trovato risultati sod- 
disfacenti, cioè un accordo con i dati sperimentali molto migliore che nel caso di 
calcoli puramente teorici. Invece le applicazioni fatte da Pauncz (f) e HURLEY (7) 
alla molecola di idrogeno e da RAHMAN (Ÿ) alla molecola di litio, cioè a molecole molto 
più semplici, portano a considerazioni piuttosto negative sull’utilità del metodo. 

Più precisamente, HurLEY e PAUNCZ trovano miglioramenti irrilevanti rispetto 
ai risultati ottenuti nello schema HLSP mentre RAHMAN trova addirittura risultati 

iori di quelli teorici. 

pees è dra quindi di fare una nuova applicazione del metodo di Moffitt alla 
molecola di litio, dato anche che Rahman applicava formule di correzione, per gli 


. Morrirt and J. SCANLAN: Proc. Roy. Soc., A 218, 464 (1953). 
. Morrirr: Proc. Roy. Soc., A 218, 486 (1953). 

. Morrirr and J. SCANLAN: Proc. Roy. Soc., A 220, 530 (1953). 
A. ©. HurLEY: Proc. Phys. Soc. A 68, 149 (1955). 

R. Paunez: Acta Physica, 4/3, 237 (1954). 

A. RAHMAN: Physica, 20, 623 (1954). 
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elementi della matrice H, basate sull'idea di Moffitt, ma non identiche a quelle qui 
riportate, e cui FIESCHI (°) aveva applicato la correzione nella forma (5). 

Poichè la molecola di litio è la più semplice dopo quella di idrogeno, i risultati 
di questo calcolo dovrebbero dare indicazioni sui limiti di applicabilità del metodo. 

Il calcolo è stato semplificato supponendo gli elettroni is nel nucleo, semplifi- 
cazione già adottata da Rahman, che permette di scrivere le. funzioni d’onda come 
prodotti antisimmetrizzati di due sole funzioni monoelettroniche. Si sono calcolate 
per varie distanze internucleari le energie elettroniche dei tre stati 12, (fonda- 
mentale), 12} e 17, e le energie di eccitazione per le transizioni 12-127, 111,127, 

I calcoli teorici sono stati presi dal lavoro di Fieschi. L'ultima colonna della 
tabella degli stati atomici e ionici del litio è stata corretta perchè mancava il ter- 
mine di energia cinetica; riportiamo qui la tabella corretta (Tab. III, p. 201): 


TABELLA I. — Energia degli stati di interesse di Li*, Li, Li”. 


Stato atomico Configurazione Energia sperim. Energia teor. 

o ionico elettronica (in u.a.) 

Tas (S) (si trascurano gli el. K) 0 0 

Li (28) i 2s — 0.1981 — 0.208 333 
Li (EP) 2p — 0.1302 — 0.125000 
Lite as) (25)? — 0.1981 — 0.235026 
Liv (!P) (2s, 2p) — 0.1981 — 0.111545 
Le (CD) (2p)? — 0.1981 — 0.064844 
ie (LS) (2)? — 0.1981 — 0.033 203 


La correzione di Moffitt è stata applicata nella forma (6) ed è stato ripetuto il 
calcolo nella forma (5); i risultati ottenuti nei due casi non sono sensibilmente diversi. 

Nella Tab. Il sono riportati î risultati ottenuti per le energie di eccitazione appli- 
cando la correzione (6), insieme a quelli ricavati da dati sperimentali e a quelli otte- 
nuti con il calcolo puramente teorico nello schema ASMO. 


TABELLA II. — Energie di eccitazione (in u.a.). 


x 
Transizione 
DD 2.75 3 
AS MO 0.1593 0.1520 0.1444 
Der MoFFITT | 0.0692 0.079 8 0.0861 
sperim. 0.095 2 0.0988 | 0.0891 
ASMO 0.1175 0.1166 0.1129 
RITZ MoFFITT lo stato 12% risulta più basso del 157 
sperim. 0.068 4 0.063 4 0.0593 


(x=ôR, dove 6=0.5 e R è la distanza internucleare in u.a.) 


(°) R. FrescHI: Nuovo Cimento, 6, 197 (1957). 
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Dalla tabella risulta che per la transizione 1/7y-12 la correzione migliora note» 
volmente l’accordo dei valori calcolati con quelli sperimentali, mentre per la tran- 
sizione 12-15} la correzione agisce in modo del tutto negativo, portando addirittura 
all’inversione dell’ordine dei due stati. Applicato alla molecola di litio quindi il 
metodo degli atomi nelle molecole sembra del tutto inefficiente (*). 

Sembra di poter concludere che il metodo di Moffitt non è applicabile a mole- 
cole semplici, per le quali le energie di correlazione non sono più rilevanti nei pro- 
dotti di dissociazione che nella molecola. 

Si può inoltre osservare che una limitazione comune al metodo di Moffitt e ad 
altri metodi semi-empirici più elaborati (111) è la rilevante incertezza che si incontra 
nella determinazione delle energie degli ioni negativi. 


* KX 


Desidero ringraziare il Prof. R. FrescHI per avermi suggerito questo calcolo. 


(*) Anche Arat et al. (1°) applicando la correzione semi-empirica di Moffitt al litio e facendo 
il calcolo con funzioni d’onda a 6 elettroni (togliendo cioè l’approssimazione degli elettroni 1s nel 
nucleo) hanno trovato risultati che sono più in disaccordo con i dati sperimentali dei risultati 
puramente teorici. 

(2) T. Amar: Journ. Chem. Phys., 26, 435 (1957). 

(31) A. C. HURLEY: Proc. Phys. Soc., A 69, 49 (1956). 
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The Electronic Decay of A° Derived Indiree‘ly by K-Meson Couplings. 


D. FLAMM 


Institut für theoretische Physik der Universität - Wien 


(ricevuto il 29 Gennaio 1960) 


The great success which universal vector-axialvector (V—A) couplings brought 
to the interactions of leptons and nucleons suggested that it be extended also to 
the hyperons. The simplest case is here the decay A >p+e-+v. Experimentally 
two examples have already been observed, which equals 0.2% (*) of the total 
A decay rate (Wa toa = 3.8:10° s-1) (2). A calculation with UFI gives 1.6% (*) of 
the total decay rate. Owing to this discrepancy it is of interest to study other 
decay mechanisms. 

The A,, decay can also be derived indirectly by K-meson couplings. Although 
the K,, decay K —-e-+Y has not yet been observed, its existence is very probable (*). 
Its effective coupling constant ¢ can be calculated from K,,, decay with the effective 
interaction density 


Hu = Pire + V5) Vy 2° px - (I = e- or p-). 


But the graph in Fig. 1 with Wx=g9rvA7;Yp®x in 1 and # ' in 2 gives a contribution 
which is by many orders too low. 


Figs) 1. Fig. 2. 


Other leptonic K decays are: K+7°%+e-+y and K°—rt+e-+y, They lead 
by means of the graph in Fig. 2 to A,3 decay. Herein the well known strong inter- 


(1) F.S. CRAWFORD, M. CRESTI, M. L. Good, G. R. KALBFLEISCH, M. L. STENENSON, H. K. Ticno: 
Phys. Rev. Lett., 1, 377 (1958); P. Norpin, J. OREAR, L. REED, A. H. ROSENFELD, F. T. 
SoLMITZ, H. D. Tarr. R. D. Tripp: Phys. Rev. Lett., 1, 380 (1958); D. A. GLASER: Strange particle 
decays. Conf. on High Energy Physics (Kiew, 1959). 

() D. A. GLASER, M. L. Goop and D. R. O. Morrison: Annual Intern. Conf. on High Energy 
Physics at CERN (1958), p. 270. 

(3) R. P. FEYNMAN and M. GELL-MANN: Phys. Rev., 109, 380 (1958); S. OkuBo, R. E. MARSHAK 
ayd E. C. G. SUDARSHAN: Phys. Rev., 113, 944 (1959). 

(4) R. H. DALITZ: Rev. Mod. Phys., 31, 823 (1959). 
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actions 47,=9xY)V5¥.9,, of the x-meson and % of the K-meson operate in 1 and 3. 
For the weak interactions in 2 we substitute the effective interaction density 


Hen = fm Ve) + Ys) Me) Pr )pR (2) + (x) YA(1+ Ys) MN) p(w) OH x(a) , 


which is most convenient for calculating the K,, decay rate in the K-meson rest 
system. It is also sufficiently general since in first order perturbation theory we 
can transform terms of the shape PV +75) PP dpr(x) into the terms contained 
in ##. This is still true if the bosons are virtual. 

One also obtains this expression by calculating the K,, decay with V—A theory 
and nucleon-A loops (5). There the effective coupling constants f and g turn out 
to be of the same order of magnitude. The calculation of the decay rate gives 
all terms which contain f by a factor (m,/mx)? smaller than those containing g- 
Neglecting the f terms we get 


1 mg|l x Mi M 
W=g_ È È Da Da My (ve pe + In ne) 


(2x)? 4 Mg 
wherein 
2 2 
Me — M 
Da = 7" 447.2 mi, 
9 
4Mg 
means the maximum momentum and 
0/ MK dl mi, 
Pr = —— sla 
2Mmg 


means the maximum energy of the r-meson in the K-meson rest system. 

If we substitute W(K~ > x®+e-+¥) = 3.42-10% s (7) we obtain g=0.93- LOR em? 
or in units A=c=1, gm =0.21-10-5 which is about the third part of the universal 
Fermi coupling constant g;,mi&= 0.714.105. 

For the K,, decay the decay rate is yet not very well known experimentally (78), 
Hence we use its theoretical value gained from isotopic spin selection rules (4). 
It is twice the K,, decay rate which gives the 4/2-fold coupling constant. 

The S-matrix element to the graph in Fig. 2 in momentum space is worked out to 


i InIx 
4 (27)* 


{w,wyu.(1 + 73) uym.(fP — g@) + 
+ GHW, Wp U.7o(1 + 75) Uy — GRwpy wa bey at + V5) Uy} O(DA — D — Pe— Py) » 


F, G, H are complicated Feynman integrals from which we have separated à 
ar — im. They change by about 10% of their values as the momentum transfer 


(5) F. ZACHARIASEN: Phys. Rev., 110, 1481 (1958). 

(5) A. Fugu and M. KAWAGUCHI: Phys. Rev., 113, 1481 (1959). PER ae 

(7?) M. GELL-MANN and A. H. ROSENFELD: Ann. Rev. of Nucl. Sci., 7, De Da Vas 

(8) M. BARDON, K. LANDE, L. M. LEDERMAN and W. CHINOWSKY: Ann. Phys., a : 8); 
LICE CRAWFORD: M. CRESTI, R. L. DouGLAS, M. L. GOOD, G. R. KaLBrLEISH and M. L. STEVENSON: 


Phys. Rev. Lett., 2, 361 (1959). 
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varies, but we will neglect this dependence and calculate with their values for mean — 
energies. Y, G, H, do not depend on the «cut off» A. Only R contains 4 loga- 
rithmically. 

If we assume pseudovector couplings instead of the pseudoscalar couplings 
in 1 or 3, for instance 


RARE 


= er | 
YA VAYSVAC PK» 
Mat M 


the shape of the matrix element will not change; we only obtain other quantities 
F', G, H' instead of F, G, H. We will only need the numerical values of 


1 À 
H = — 0.286, H'= 0.428 and R= (ta — + 0.077) : 
2 m 


We obtain for the decay rate omitting terms which are smaller by factors m,/m, 
or even (m,/m,)?: 


le oy eg |2. 


WV = — Ha ra 4m) HR\+ 2p'3p" 3m? | p’ Lia bd _ 
(2 4n 4n 4]3. 5° |3 lla aj? P Pene 
2 2 ! 13 t rie MA | 
+ R*ma|3 (Po + 2m) p’® — m(2po + M) P Po — mA In — = (a 
wherein 
mi, — m? 
pia Ase Life 01 my, 
2mA 


means the maximum momentum and 


mi + m? 
pie tes 1663.50 104 
. 2m A 


means the maximum energy of the proton in the A rest system. 
If we substitute g2./47=13.5, gk/4n—1 and carry out the numerical evaluation 
we obtain for various values of the covariant cut off À the decay probabilities in Table I. 


TABLE I. - WA>pte-+v)s". 


experimental 7.6 -10 


cut off A theoretical for virtual K -mesons with 
pseudovector | pseudoscalar 
K-meson couplings in 1 


5 m 2.04-105 5.57-104 
10m 3.03 - 105 9.66: 104 
100 m 8.99 - 105 4.92-105 
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Decay probabilities for the A,, decay calculated from the graph in Fig. 2 for 
virtual K~-mesons undergoing K,, decay in 2. 

The values given in Table I for pseudovector K couplings are nearly of the 
necessary order of magnitude. If we further consider the K?, decay which can 
cause exactly the same A decay mechanism with an amplitude which is about 4/2 
times bigger than the one for K,; decay and is superposed coherently on the later, 
we have to multiply the above values with a factor between 0.17 and 5.8. Then 
these values may give an appreciable part of the experimental value. 

Hence we find the result that the empirical A--p+e-+% decay can partially be 
accounted for by indirect processes. There is no electron and neutrino asymmetry 
relative to A polarization direction because there are only strong couplings acting 
on the A. This is an important difference between our decay mechanism and that 
given by the direct V— A coupling (?). 

More detailed calculations will be published in Acta Phys. Austr. 


* * OK 


I wish to thank Professor W. THIRRING for suggesting and discussing the problem 
and Dr. K. Baumann for his helpful remarks. 


(@) C. H. ALBRIGHT: Phys. Rev., 415, 750 (1959). 
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IL NUOVO CIMENTO 


VOLTVIENOL 


1° Aprile 1960 


A New Method for Timing Scintillation Pulses. 


F. T.. AREccHI, E.* Garri(*) and E. ZaGLIo (**) 


Laboratori CISE - Milano 


(ricevuto il 10 Febbraio 1960) 


The «linear method » of working to 
get out a time information from a P. M. 
pulse has been introduced by one of 
the Authors (12) and extensively used (3:4), 
By this method a sinusoidal oscillation 
is linearly excited by the current pulse, 
and the pulse time position is evaluated 
by observing the phase of that oscillation 
at a time successive to the end of the 
pulse. 

It is more convenient, especially 
using slow scintillators, as NalI(Tl), to 
take as reference time the first zero 
crossing of a sinusoidal oscillation whose 
period is shorter than the pulse decay 
time. 

In this way the reference time is 
determined using only a small part of 
the photoelectrons related to a scin- 
tillation. Consequently statistical spread 
due to photoelectron emission is reduced. 
The following expression for e? (machine 
time variance) is found when contribu- 


(*) Politecnico di Milano e Laboratori CISE. 

(**) Laben. 

(1) S. CoLoMmBo, E. GATTI and G. PIGNA- 
NELLI: Nuovo Cimento, 5, 1739 (1957). 

(*) E. GATTI and V. SveLto: Nuel. Instr. 
and Methods, 4, 189 (1959). 

(3) C. CoTTINI and E. GATTI: Nuovo Ci- 
mento, 5, 748 (1957). 

(4) F. T. ARECCHI: Energia Nucleare. Vol. 6, 
no. 11 (1959). 


tions due to ef, (P.M. transit time 
variance) are neglected: 


(1) = 


where: 


ef = P.M. gain variance; 

R = photoelectron number related to a 
scintillation ; 

= scintillation decay time; 


Ny a 
| 
| 


Il 


sinusoidal oscillation period. 


This formula holds for 7 within the 
following limits: 


(2) MMEZERÀ 


R 
(3) STI 
T 


When the lower limit (3) is not respected, 
e? tends to the variance ot the first 
photoelectron, given by (10) of ref. (1) 


for Q=1, that is: 


T2 


~ RB 


2 
Et 


In order to mantain the advantage of 
linear working, that is to discriminate 
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true pulses from the spurious thermo- 
electronic ones, it is convenient to use 
a period of oscillation such as to include 
a relatively high number of photo- 
electrons in the first semiperiod. This 
consideration gives a lower limit for 7° 
which is (3) again. For instance, using 
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We observe a narrow angular portion 
of these figures through a triangular slit 
whose vertex is on the rest point of the 
electronic spot. 

Similar paths of different magnitude 
arise from different amplitudes of driving 
pulses, but every path is observed for 


i \ 
74 \ 
A | 
d \ 
/ 
Zz A 
y Signal / LD 
/ LL 
f Ul, | Slit 
ii / 
\ Yj j 
x MM YY); 
x Signal nn Ui 
Lissajous figure 
Fig. 1. — Waveforms on the CRT deflection plates, and Lissajous figure on the CRT screen. 


a Nal(Tl) erystal and a 40 MHz ringing 
frequency and taking into account stan- 
dard photocathode efficiency, (3) limits 
to about 20 keV the lowest useful part 
of the spectrum. Expression (1) suggests 
to use the smallest value of 7 within 
the limit given by (3). Consequently 
the technical problem of an accurate 
zero crossing detection arises. Zero 
crossing detection methods were already 
described (4) but they become difficult 
increasing the frequency. 

We propose the following system. 

Anode and last dynode currents of 
the P.M. excite two damped resonant 
circuits whose frequencies are different 
from each other for a factor about two. 
The voltage outputs from the two ringing 
circuits drive the deflection plates of a 
C.R.T. causing a Lissajous figure. 


a 


an equal time interval and standard. illu- 
mination pulses are so obtained (Fig. ib). 

A P.M. looking at the slit gives 
standard current pulses whose leading 


Z 
ne FAN: 
i 7 7, 
\\ / Î 
\\ Ue 
\\ Ay 
% 1) 
NS 4 / 
12 rd 
vf 
/ 
wy 


Fig. 2. — Waveforms on the CRT screen in the 
experimental arrangement. 


200 F. T. ARECCHI, E. GATTI and E. ZAGLIO 
edge is a ramp corresponding to the to the first zero crossing of the sinusoidal 


time of illumination, that is to the slit wave of shorter period. 
crossing time. We have made a preliminary check 


10Mc Nal 


4 
(6810A Gal 
ETS 


ñ = PM 6342 È 
jo. Moody trigger circuits ——__ Ei 
— eo chromotron = 


Fig. 3. — Experimental arrangement. 


These pulses carry a time information of a timing arrangement similar to that 
whose variance is given in (1), when proposed with an experimental set made 
the P.M. looks at a zone corresponding with standard laboratory equipment. 


700! 


1canale =125 -10 Ÿs 


17-10 


4 


0 50 100 — 150 200 Canali 


Fig. 4. — Prompt coincidence curve between #2Na v-rays - Nal(T) ‘scintillator - Minimum 
energy accepted: 400 keV. 
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The current pulse from the P.M. anode 
is fed to a ringing circuit whose voltage 
output drives the vertical deflection 
plates of a C.R.T. 

The time base starts with internal 
trigger. Amplitude fluctuations of the 
triggering signal will cause a jitter along 
the x-axis of the screen (Fig. 2). If the 
jitter is conveniently limited we can 
look through a convenient slit at a 
single half wave of each scintillation. 
Therefore we can get standard. light 
pulses, which are converted by a photo- 
multiplier in standard current pulses. 

The time position of these standard 
pulses, detected by a Moody discrimi- 
nator, is independent from scintillation 
amplitude, and its variance is given 
by (1). 

We have obtained results in agree- 
ment with (1). The experimental as- 
sembly is given in Fig. 3 and in Fig. 4 
an experimental coincidence curve for 
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y-rays of 2Na registered with the vernier 
chronotron (*) is given. Our method is. 
like the Morton and Matheson one (5). 
However it is different because the pre- 
sence of two C.R.T. limiter-shapers. 
enables to drive a time sorter. In addi- 
tion the method of first zero crossing of 
a ringing circuit gives a variance for 
machine time, in the scale of Fig. 2 of 
ref. (2), 3(C/R) to be compared to C/R 
of the Morton and Matheson method and 
1 (C/R) if the centroid of the first © 
electrons could be detected. 


OK % 


We thank Mr. N. CARBONE and 
Mr. G. OrLANDI for their aid in assem- 
bling and testing the experimental set. 


(5) G. A. Morton and R. M. MATHESON: 
Nuclear Electronics (International Atomic Energy 
Agency, 1959), p. 201. 
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Analogy Between Lorentz and Foldy-Wouthuysen Transformation. 


J. J. GIAMBIAGI 


Dept. Fisica, Facultad de Ciencias - Buenos Aires 


(ricevuto il 1° Marzo 1960) 


We want to point out a peculiar analogy between both transformations, which 
comes out when one considers the velocity, instead as a parameter in the Lorentz 
transformation, as an appropriate operator. 

Lorentz transformation is given by 


L= exp[}arctgh xv], 


where the components of v are c-numbers. 
Let us consider them instead as operators (1) 


Bp 
t= —— 5 
m 


which have the correct mean value. 
When replaced in (1) we get: 


1 fa: 
— ES P arcig È A 
2 D ~ AN 


L , 
L—exp È arctgh so — exp 
m 


This is exactly the Foldy-transformation (2). We also get the correct compact expres- 
sion for the F-W transformation in presence of a magnetic field (3), by putting 


B(p — eA 


m 
We get then 
afp — eA) 


1 
FP = exp |= arctgh ———_—_|. 
2 m 


The analogy does not hold any more in presence of an electric field. 


(1) M. BuxGE: Nuovo Cimento, 1, 277 (1955): R. Feynman: Caltec Notes (1953). 
(*) L. Fotpy and S. A. WOUTHUYSEN: Phys. Rev., 78, 1 (1950). 
(*) K. M. Case: Phys. Rev., 96, 323 (1954). 
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Anomalous Moment of the u-Meson 
for Different Models of Breakdown of quantum Electrodynamics. 


Be Dm Torres 


Istituto di Fisica dell’ Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 2 Marzo 1960) 


In a paper published some time ago, BERESTETSKIJ cet al. (1), calculated the 
correction of the u-meson anomalous magnetic moment due to a possible modifi- 
cation of the photon propagator in case of a break-down of quantum electrodynamies 
at small distances. Numerically, for the u-meson, the correction is of the order 
of « (x=1/137) and therefore it adds directly to Schwinger’s x/27 anomalous contri- 
bution (for the electron, because of its small mass, the deviation would be much 
smaller and unobservable). 

The model that has been used consists in substituting to the photonic propa- 
gator 1/k? the modified propagator 


The 4 1 1 
kek? A k ke + AP 


9 


where A is the cut-off (2) (£=c=1), and it leads to the following results: 


— (1 —dE), 
IT) 27 
where y — e/2m, and 
1 SA 
= 
oF = ( 2 dx (1 — “| 5 
x? — x + n my, 
0 
2 
Nee for > 1. 
ek” 


(1) V. B. BERESTETSEIT, O. N. Kroxrin and A. K. KHLEBNIKOV* Zurn. Eksp. Teor. Fiz., 30, 


788 (1956); Journ. Haper. Theor. Phys. 8, 76 (1956). 
(2) See for ex. S. D. DRELL: «inn. Phys. 4, 75 (1958). 
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In this note we evaluate what would be the correction to the muon magnetic 
moment from a possible modification either of the muon propagator or of the electro- 
magnetic vertex. We first calculate the correction from 
a possible modification of the muon propagator. We 
substitute the modified propagator 


1 Ae 
(p +k)? + mi (p+ KP + mi + A? i 


to the usual fermion propagator in the Feynman graph 
of Fig. 1, and similarly for the propagator containing 
p', where p and p’ are the 4-momenta of the ingoing 
Fig. 1. and rsp. outgoing u-meson, and the integration variable 

k, represents the photon 4-momentum. Putting in the 

final expression p=p', we find the following correction to the anomalous moment 


where 


1 Zz * 
7 | a(l — x) y?2 Doth 1 + 7% 
of’ = 1] — sn fax fau fa: e al _ ya) = 6 = “= ; = in (I _ n) — n° In i} "i 
di ro 


and 


’ 


of" cè 1 gui 
fe am à 6 0 È 4 Ss 
57 1T3 for n > 1 


We have assumed à possible vertex modification to depend for simplicity only 
from the virtual photon momentum k, according to the substitution 


A? 
DER à 
ui k? + A 74 


Only two vertices must be modified. The vertex with external photon is not 
modified in the limit g= 0 (9 = p'— p). We obtain 


du à 


(1— èF"), 
i TT 
where 
Te 
30/2 a ¥ ES. 
DI = 1 = def ay (L— a) — ay) 
[ew y? + n(1 —a)]8 
ò 0 
2 —- 4% 12 ——— 
E pant EE re an en en 
Ù 2 2nV 1 — 4/n 1— 4/1 —4)y x 
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for n> 4; and 


F 2 n — 4 n° — 6n? + 6n + 4 — —— 
CL | eur hou SAT Es aree Va) 1}. 
1 —4/n 2 NV/4ln —1 
for 7< 4. For 7>1 
LA art 
of" — — 
3 7) 


In the Table I we report the corrections SF corresponding for different values 
of the cut-off parameters 7. 


TABLE I. 
n SF SF" BF" 
0 1 1 1 
1 0.21 0.59 0.32 
3 | 0.11 0.37 0.18 
10 | 0.046 0.18 0.082 
perio: 0.007 0.03 0.013 
ea 0) 0.0007 0.005 0.001 
* *% * 


Thanks are due to Prof. R. Gatto for having suggested the problem and for 
helpful discussion. 
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Recensioni. 


J. 


W. DUNGEY - Cosmic Electro- 
dynamies. Cambridge University 
Press, 1958, 32 s. 6 d., pp. 1x-183. 


in maniera sobria e organica lo stato at- 
tuale (1956) della magnetoidrodinamica. 

Il volume consiste di due parti: la 
prima tratta della magnetoidrodinamica 


La nuova scienza della magnetoidro- vera e propria, comprendendo un capi- 


dinamica ebbe un grande impulso una 
decade fa per opera di Alfvén con il 
suo volume Cosmical Electrodynamies. 
Oggi questa scienza ha raggiunto una 
notevole importanza e si è sviluppata 
una vasta letteratura sull’argomento. 
Con il nuovo volume, DunGry espone 


tolo sulla magnetostatica e uno sulla 
magnetodinamica dei fluidi conduttori. 
La seconda parte riguarda l'applicazione 
dei risultati ottenuti ai problemi della 
fisica solare, delle tempeste magnetiche 
e dell’elettrodinamica della ionosfera. 
L'argomento è trattato in modo sin- 
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tetico ma completo. Sono discussi i prin- 
cipi fondamentali e sono segnalate le 
difficoltà e le limitazioni del metodo cor- 
puscolare nel trattamento del problema. 
Grande importanza è data al problema 
della stabilità delle configurazioni di un 
fluido conduttore in campo magnetico. 
Questo problema, di interesse non solo 
per l’astrofisica, ma anche per il controllo 
delle reazioni termonucleari, è trattato 
soprattutto dal punto di vista delle 
applicazioni astrofisiche. Sono trattati 
brevemente i problemi delle onde d’urto 
idromagnetiche e della turbolenza idro- 
magnetica. 

Segue un’ottima descrizione e discus- 
sione dei fenomeni solari (macchie, bril- 
lamenti, protuberanze, regioni unipo- 
lari, ecc.) e delle loro relazioni con il 
campo magnetico solare. 

Il capitolo sulle tempeste magnetiche 
si limita ad una buona esposizione della 
teoria di Chapman e Ferraro. Un capi- 
tolo è dedicato al problema dell’accele- 
razione cosmica di particelle cariche e 
in esso è inclusa la teoria dell’autore sui 
brillamenti solari. 

È un volume utile e stimolante per 
chi si interessa al comportamento di 
fluidi conduttori in campo magnetico, e 
contiene una buona bibliografia (aggior- 
nata al 1956). 

S. SEGRE 


Theorie und Molekulare Deutung 
Technologischer E'igenschaften von 
Hochpolymeren Werkstoffen. 4° vo- 
lume della serie « Die Physik der 
Hochpolymeren », edito a cura di 
H. A. Stuart, Springer-Verlag, 
Berlin - Gôttingen - Heidel- 
berg, 1956. 


Questo libro costituisce una preziosa 
fonte di informazione per gli studiosi 
che si occupano di ricerche sui fenomeni 
molecolari ed in particolare sulle pro- 
prietà fisiche dei materiali. 

Lo svolgimento dei dodici capitoli, 
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curati da specialisti dei singoli rami, for- 
nisce complessivamente una visione dello 
stadio attuale della conoscenza sulle 
teorie e sul significato molecolare delle. 
proprietà fisiche di sostanze ad alto peso 
molecolare; in modo speciale vengono 
considerate le proprietà meccaniche ed 
elettriche dei polimeri allo stato solido, 
delle loro soluzioni e quelle di polimeri 
plastificati. 

I. tre primi capitoli trattano soprat- 
tutto. delle teorie fenomenologiche sul 


‘ comportamento viscoelastico lineare e. 


non lineare e delle caratteristiche di resi- 
stenza a rottura. Tale comportamento 
viene completato con rappresentazione 
di modelli e con relazioni alla struttura. 
molecolare. 

Segue quindi un capitolo sui metodi 
tecnologici di prova sia dei materiali 
plastici e gommosi che delle fibre; di 
queste vengono discussi la reologia, i me- 
todi di prova statici e dinamici. La cri- 
tica dei metodi di prova delle materie 
plastiche fornisce ai tecnici un chiaro 
orientamento sulle reali misure fisiche 
rispetto ai metodi che forniscono solo 
dati empirici di ragguaglio. 

Le proprietà meccaniche delle gomme 
vulcanizzate, specialmente in rapporto 
alla struttura molecolare ed alle teorie 
statistiche, le proprietà fotoelastiche, il 
rigonfiamento dei vulcanizzati, sono di- 
scusse esaurientemente nel quinto capi- 
tolo. 

Una interessante esposizione sui rap- 
porti tra struttura e proprietà mecca- 
niche delle materie plastiche nei vari 
stati (solido, in soluzione, ecc.) e per 
diversi intervalli di temperatura (special- 
mente nella zona di transizione) forma 
Voggetto di un successivo capitolo. In 
tale capitolo ed in quello seguente, dedi- 
cato alle fibre, gli autori hanno cercato 
di ordinare i dati sperimentali, fino ad 
oggi disponibili, in modo da fornire al 
lettore una rapida visione delle misure 
fisiche più significative e delle relazioni 
generali tra le costanti viscoelastiche con 
la struttura molecolare. 
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Nell’ottavo. capitolo viene data una 
schematica rappresentazione delle pro- 
prietà elettriche (soprattutto quelle die- 
lettriche) in funzione della struttura chi- 
mica e fisica dei polimeri, mentre nel 
seguente vengono discussi abbastanza 
diffusamente i fenomeni di plastificazione 
dei polimeri sia dal punto di vista appli- 
cativo che dal punto di vista strutturale. 

Nell'ultimo capitolo H. A. Stuart e 
H. Mark riassumono le considerazioni sui 
rapporti tra struttura molecolare e pro- 
prietà macroscopiche di materiali costi- 
tuiti da macromolecole filiformi. Il capi- 
tolo è diviso in tre sezioni; la prima 
tratta di una sistematica generale mentre 
la seconda e la terza sono dedicate rispet- 
tivamente alle fibre ed agli elastomeri. 

Il libro è corredato da una completa 
bibliografia (aggiornata, in alcuni casi, 
fino al 1955) facilitando così al lettore il 
completamento degli argomenti trattati. 


Accanto alle considerazioni teoretiche 
e fenomenologiche il libro porta nel 
suo assieme una visione critica dei dati 
sperimentali e dei metodi di misura; 
inoltre il significato delle relazioni tra 
la teoria, l'esperimento ed i fenomeni 
molecolari favorisce una trattazione fon- 
damentale e completa del comportamento 
viscoelastico dei polimeri nei loro vari 
stati di esistenza. Come precisa l’autore 
nella sua prefazione, si è cercato di for- 
nire allo studioso ed al tecnico in modo 
semplice e chiaro il punto sulla situa- 
zione attuale nel campo delle proprietà 
fisiche degli alti polimeri. 

È indubbio che il libro diventerà per 
i ricercatori e per gli applicatori un testo 
di sempre maggiore importanza, per 
l'impostazione sicura dei problemi sulle 
materie plastiche, sulle fibre e sugli 
elastomeri ottenuti dai nuovi polimeri. 
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